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SUMMARY 
The mate r ia l  presented i n  t h i s  repor t ,  although primari ly 
concerned with the  author ' s  inves t iga t ions ,  i s  representa t ive  of 
the  cur ren t  s t a t e  of t he  development of nonlinear analys is  tech- 
niques within the  framework of the  f ini te-element method* Although 
the  emphasis here i s  concerned w i t h  those non l inea r i t i e s  associated 
with mate r ia l  behavior, a general  treatment of geometric nonlinear*- 
i t y ,  alone or  i n  combination with p l a s t i c i t y  i s  included,, and ap- 
p l ica t ions  presented f o r  a c l a s s  of problems categorized as axi-  
symmetric s h e l l s  of revolution.  Ef fec t s  due t o  creep and other 
time-dependent mate r ia l  proper t ies  a r e  not considered. 
The repor t  represents  an extension of two previous s t u d i e s  
reported i n  NASA Contractor 's  Reports CR-803 and CR-1649. The 
emphasis of the  two previous invest igat ions  was on the  develop- 
ment of methods, along with s u f f i c i e n t  computer programming and 
computation t o  e s t ab l i sh  t h e i r  v a l i d i t y  and effect iveness .  The 
purpose of the  cur ren t ly  reported e f f o r t  i s  t o  develop a compre- 
hensive program t h a t  implements the  methods and procedures of 
the  two previous invest igat ions ,  and thus provides p rac t i ca l  t o o l s  
t o  the  designer and ana lys t .  To accomplish t h i s  requires  t h a t  the  
c a p a b i l i t i e s  and capaci ty  of the  programs be s u f f i c i e n t l y  broad i n  
scope so as  t o  permit t he  analys is  of r e a l i s t i c  s t ruc tures  and 
t h a t  c lose  a t t en t ion  be paid t o  e f f ic iency ,  so t h a t  computations 
can be made more economically. 
The scope of the  nonlinear analys is  c a p a b i l i t i e s  resule;i.ng 
from t h i s  study includes: 1)  a membrane s t r e s s  ana lys i s ,  
2 )  bending and membrane s t r e s s  analys is ,  3 )  ana lys i s  of thick 
and t h i n  axisymmetric bodies of revolution,  4) a general three  
dimensional ana lys i s ,  and 5) ana lys i s  of laminated composites, 
Applications of the  methods a r e  made t o  a number of sample 
s t ruc tures .  Corre la t ion with ava i lab le  ana ly t ic  or  experimental 
data  range from good t o  excel lent .  
A ca ta log of the f ini te-elements used i n  developing t h i s  com-  
prehensive program and a general  discussion of th ree  p l a s t i c i t y  
theor ies  a r e  presented i n  respect ive  appendices. 
1 . INTRODUCTION 
The appl icat ion of f ini te-element methods t o  t r e a t  the non- 
l i n e a r  behavior of s t ruc tures  has reached a  s u f f i c i e n t  s t a t e  of 
maturi ty so t h a t  the  r e s u l t s  obtained from these analyses can be 
accepted with a  high l eve l  of confidence. While these methods a r e  
general ly  ana lys i s  oriented,  t h e i r  app l ica t ion  t o  i n d u s t r i a l  de- 
s ign i s  gaining momentum i n  t h i s  country [I-31. 
Although it i s  not  customary i n  design prac t ice  t o  allow a  
s t ruc tu re  t o  en te r  the p l a s t i c  range, the need f o r  developing a  
capab i l i t y  f o r  t r ea t i ng  the nonlinear behavior of s t ruc tu re s  never- 
t he l e s s  e x i s t s .  An obvious reason f o r  t h i s  capab i l i t y  i s  t h a t  the  
predic t ion of f a i l u r e  loads ( e l a s t i c  and p l a s t i c  i n s t a b i l i t y )  under 
r e a l i s t i c  loading condit ions provides a  cons i s ten t ,  meaningful ap- 
p l i ca t i on  of f ac to r s  of sa fe ty .  I n  addi t ion,  predic t ing the red i s -  
t r i bu t ion  (whether by design or from unavoidable circumstances) of 
s t r e s s e s  r e su l t i ng  from the nonlinear behavior of a  s t ruc tu re  i s  a  
necessary ingredient  toward i t s  design a s  an e f f i c i e n t ,  s a f e ,  we l l  
proportioned s t ruc tu re  . 
Compendium of Previcus Studies 
While solut ions  e x i s t  i n  the  l i t e r a t u r e  t h a t  a r e  appl icable  t o  
numerous s t ruc tu re s  and mate r ia l s ,  many of these solut ions  involve 
such gross s impl i f i ca t ions  t h a t  they must be used w i t h  caution.  
These s impl i f i ca t ions  were made because the complexities associated 
with p l a s t i c  behavior render the so lu t ion  of a l l  but  the  simplest  
problems a  formidable task .  F i r s t ,  the  laws of mater ia l  behavior 
under complex mul t i ax ia l  s t r e s s  s t a t e s  have not been prec i se ly  de- 
f ined.  The s t r e s s d s t r a i n  r e l a t i ons  do not  simply involve the cur-  
r e n t  values of the  s t r e s s  components, a s  i s  the case f o r  l i nea r  
e l a s t i c  behavior; r a t h e r ,  they depend a s  wel l  upon the pas t  h i s -  
t o r i e s  of these components, i . e . ,  the mater ia l  has a  memory asso- 
c i a t ed  w i t h  i t s  behavior. I n  add i t ion ,  the mater ia l  laws appear 
t o  be d i f f e r e n t  f a r  each mater ia l .  One approach t o  t h i s  d i f f i c u l t y  
i s  the use of approximations t h a t  provide a  reasonably r e a l i s t i c  
representa t ion of the e s s e n t i a l  experimentally observed fea tures  
of i n e l a s t i c  mate r ia l  behavior. 
Another complexity associa ted with the  general  p l a s t i c i t y  prob- 
lem i s  i t s  nonl inear i ty .  Thus, the chances of obtaining a  closed- 
form solut ion to  a  spec i f i c  problem a re  f a i r l y  remote. A s  was the  
ease with l i n e a r  e l a s  t i c  s t r e s s  a n a l y s i s ,  s o l u t i o n s  t o  s p e c i f i c  
problems had t o  be matched t o  a  c a t a l o g  (however l imi t ed )  of pre-  
determined s o l u t i o n s .  I f  t he  geometry and system of l w d s  d i d  
n o t  f i t  t hese  known s o l u t i o n s ,  t he  a n a l y s t  was forced t o  cons ider  
a s impl i f i ed  geometry and loading system t h a t  approximated t h e  
one in ques t ion .  The n o n v a l i d i t y  of the  p r i n c i p l e  of superposi-  
tion added an e x t r a  dimension of complexity t o  the  non l inea r  analy-  
i .  l lherefore,  t he  a n a l y s t  sought numerical s o l u t i o n  techniques 
o f  t h e  r e p e t i t i v e  type.  These a r e  u s u a l l y  c l a s s i f i e d  a s  i t e r a t i v e  
o r  s tepwise.  I n  t h e  f i r s t ,  t h e  i t e r a t i v e  approach, t he  e n t i r e  load 
may be app l i ed  a t  once, and a  s o l u t i o n  i s  e f f e c t e d  by us ing  an ap- 
p r o p r i a t e  convergent i t e r a t i v e  technique.  I n  t h e  s tepwise approach, 
t h e  response of the  s t r u c t u r e  i s  assumed t o  be l i n e a r  over smal l  i n -  
crements of load.  There a r e  m e r i t s  i n  both approaches,  a s  w e l l  a s  
i n  t h e i r  combined u s e .  
A major d i f f i c u l t y  with t h e  r e p e t i t i v e  type of s o l u t i o n  i s  t h a t  
i t  gene ra l ly  r e q u i r e s  q u i t e  an ex tens ive  computing e f f o r t .  To c i r -  
cumvent t h i s  d i f f i c u l t y ,  i t  i s  necessary  no t  only t o  develop higher-  
speed machines of l a r g e r  c a p a c i t y  bu t  a l s o  t o  develop methods of 
a n a l y s i s  t h a t  minimize the  computing e f f o r t ,  
Despi te  t h e s e  complexi t ies ,  s u b s t a n t i a l  progress  has r e c e n t l y  
been made i n  developing gene ra l  methods of p l a s t i c  a n a l y s i s .  This  
progress i s  l a r g e l y  due t o  advances i n  the  f i e l d  of numerical methods 
s f  s t n l c t u r a l  a n a l y s i s ,  s p e c i f i c a l l y ,  t he  f in i t e -e l emen t  method. The 
t rea tment  of n o n l i n e a r i t i e s ,  both phys ica l  and geometric,  w i t h i n  t h e  
framework of e x i s t i n g  f in i t e -e l emen t  techniques permits  a n a l y s i s  of 
s t r u c t u r e s  of a r b i t r a r y  shape and cons ide ra t ion  of a  v a r i e t y  of 
load ing  and boundary cond i t ions .  
References 4-16 a r e  r e p r e s e n t a t i v e  of r e c e n t  i n v e s t i g a t i o n s  
concerned w%th incorpora t ing  the  e f f e c t s  of p l a s t i c  behavior i n  
f i n i t e m e l e m e n t  a n a l y s i s .  These s t u d i e s  desc r ibe  techniques t o  t r e a t  
p l a s t i c i t y  by means of va r ious  a lgor i thms t h a t  l i n e a r i z e  the  bas i -  
c a l l y  rnonlinear problem. These techniques have been d iv ided  i n t o  
two gene ra l  c a t e g o r i e s :  a )  t h e  i n i t i a l  s t r a i n  and b)  t h e  tangent-. 
modulus methods. 
I n  the  i n i t i a l - s t r a i n  method, t h e  equivalence between tempera- 
t u r e  g r a d i e n t s  and body f o r c e s  i n  caus ing  a  s t r a i n  f i e l d  i s  extended 
to incl-ude p l a s t i c  s t r a i n s .  Thus p l a s t i c  e f f e c t s  a r e  t r e a t e d  by i n -  
t e r p r e t i n g  p l a s t i c  s t r a i n s  a s  i n i t i a l  s t r a i n s .  This  analogy, f i r s t  
introdalced i n  Ref ,  17 reduces the  nonl inear  a n a l y s i s  t o  the  a n a l y s i s  
sf an e l a s t i c  body of i d e n t i c a l  shape and boundary cond i t ions ,  b u t  
with an add i t iona l  s e t  of applied loads, here termed "e f fec t ive  
p l a s t i c  loads." The i n i t i a l - s t r a i n  method i s  advantageous because 
of the  ease with which it can be implemented i n  a f ini te-element 
ana lys i s  and because the s t i f f n e s s  matrix developed f o r  the  e l a s t i c  
behavior of the  s t ruc tu re  remains unaffected by changes i n  mate r ia l  
proper t ies .  
I n  the tangent-modulus method (outl ined i n  Refs. 6 and 9) ,  the 
incremental l i n e a r  cons t i t u t i ve  r e l a t i o n ,  based on the  p l a s t i c i t y  
theory, i s  introduced d i r e c t l y  i n t o  the  governing equilibrium equa- 
t ions .  T h i s  method requires  modification of the element s t i f f n e s s  
influence coe f f i c i en t s  a t  each incremental load s tep .  
Despite d i f ferences  i n  appl icat ion of the i n i t i a l - s t r a i n  and 
the tangent-modulus concepts, there  i s ,  i n  some respec t s ,  a c lose  
re la t ionsh ip  between them. References 9 and 16 discuss  t h i s  r e l a -  
t ionship  and the comparative mercts of the methods a s  applied t o  
membrane s t r e s s  problems, while Ref. 18 discusses the r e l a t i v e  meri ts  
of each of these approaches f o r  combined nonlinear problems. 
The development of nonlinear f ini te-element ana lys i s  has not  
been l imited t o  the area  of p l a s t i c i t y .  Considerable e f f o r t  has 
been d i rec ted  toward the treatment of geometric nonl inear i ty .  Ef- 
f e c t s  resu l t ing  from geometric non l inea r i t i e s  alone [19-211 have 
been considered extensively,  and ijn severa l  instances the simul- 
taneous e f f e c t s  of both types of non l inear i ty  have been t rea ted  
[18, 22-24]. I n  general ,  these s tud ies  have been concerned so l e ly  
w i t h  monotonic loading condit ions where the  load reaches a speci- 
f i e d  maximum value,  or  u n t i l  s t r u c t u r a l  f a i l u r e  occurs. Only i n  
r a r e  instances have unloading and reversed loading been considered 
[ l l ,  16, 231. 
I n  many cases,when one considers the problem of combined geo- 
metric .and mate r ia l  nonl inear i ty ,  t he  solut ion technique used f o r  
the treatment of p l a s t i c i t y  alone (k.e.,  an incremental approach) 
becomes espec ia l ly  a t t r a c t i v e .  Since the r e l a t i o n s  derived from 
the  flow theory of p l a s t i c i t y  a r e  themselves incremental, the modi- 
f i c a t i o n s  necessary t o  incorporate the  e f f e c t s  of geometric non- 
l i n e a r i t y  a r e  minimal. 
However, the  choice of using the  tangent modulus or  e f f ec t i ve  
load approach t o  account f o r  mate r ia l  and geometric nonl inear i ty  i s  
of utmost importance because of the extensive computer times r e -  
quired f o r  r e p e t i t i v e  solut ions  t o  these problems. In  addi t ion,  
the  choice of so lu t ion  algorithm (e.g.,  Cholesky decomposition, 
Gauss-Seidel i t e r a t i o n ,  e t c . )  and so lu t ion  procedure (Newton-Raphson, 
f i r s t  order se l f -cor rec t ing ,  e t c . )  i n  conjunction with e i t h e r  of the 
above two methods can have an  apprec iab le  e f f e c t  on t h e  accuracy,  
e f  f icierlcy ( t ime) ,  and s t a b i l i t y  of the  s o l u t i o n .  Various a s p e c t s  
of t h e s e  problems have been d iscussed  i n  two r e c e n t  papers  [18,  231. 
Gruman-,NASA I n v e s t i g a t i o n s  
Sirnce 1965 ~ A ~ A / ~ a n g l e y  has p a r t i a l l y  supported s e v e r a l  e f f o r t s  
csncernli.ng t h e  development of methods f o r  t h e  i n e l a s t i c  a n a l y s i s  of 
complex a e r o n a u t i c a l  s t r u c t u r e s .  A chrono log ica l  summary of these  
e f f o r t s  i s  presented  i n  F ig .  1. The g o a l  of t h e s e  s t u d i e s  has been 
t o  provi.de a  f e a s i b l e  a n a l y t i c a l  means f o r  determining t h e  behavior  
of s t r u c t u r e s  under cond i t ions  approaching f a i l u r e  and f o r  loadings 
o f  a r e a . l i s t i c  na tu re .  The methods developed under these  c o n t r a c t u a l  
i nves t ig , a t ions ,  c i t e d  i n  Refs .  16 and 25, a r e  based on and r e p r e s e n t  
an ex tens ion  o f ,  t h e  displacement method i n  f in i t e -e l emen t  techniques 
of s t r u c t u r a l  a n a l y s i s .  
Pn t h e  e a r l i e s t  of t h e  previous s t u d i e s  (Ref. 25) ,  cons ide ra t ion  
was given t o  t h e  development of d iscre te-e lement  methods f o r  t h e  
p l a s t i c  a n a l y s i s  of complex b u i l t - u p  s t r u c t u r e s  i n  s t a t e s  of b i a x i a l  
membrane s t r e s s ,  with p a r t i c u l a r  emphasis on t h e  e f f e c t  of c y c l i c  
loading causing s t r e s s  r e v e r s a l s  i n t o  t h e  p l a s t i c  range. To accom- 
modate t h i s  case ,  t he  methods implemented a  p l a s t i c i t y  theory  t h a t  
can take  i n t o  account t h e  Bauschinger e f f e c t .  This  theory  i s  the  
kinematic hardening theory  of Prager  (Refs. 26 and 27) a s  modified 
by Z i e g l e r  (Ref. 28) .  It can r e p r e s e n t  t h e  s a l i e n t  f e a t u r e s  of t h e  
p l a s t i c .  behavior  of s t r u c t u r a l  meta ls ,  and i s  r e a d i l y  implemented 
i n  a d iscre te-e lement  a n a l y s i s .  
The governing l i n e a r  ma t r ix  equat ion  r e l a t i n g  nodal  d i sp lace -  
ments t o  app l i ed  loads  and i n i t i a l  s t r a i n s  was modified f o r  t h e  
t rea tment  of membrane s t r e s s  s t a t e s  t o  the  form of a  l i n e a r  ma t r ix  
equat ion  r e l a t i n g  s t r e s s  increments d i r e c t l y  t o  increments of ap- 
p l i e d  load and i n i t i a l  s t r a i n .  The s o l u t i o n  t o  t h i s  equat ion was 
obtained by means of two a l t e r n a t i v e  procedures .  I n  t h e  f i r s t ,  
termed a  p r e d i c t o r  procedure,  es t imated  va lues  of i n i t i a l  ( p l a s t i c )  
s t r a i n  increment a r e  used i n  t h e  governing equat ion  t o  y i e l d  s t r e s s  
increment.  I n  t h e  second, termed t h e  s tepwise  l i n e a r i z a t i o n  pro- 
cedure,  t h e  flow r u l e  of t h e  p l a s t i c i t y  theory  chosen i s  used d i -  
r e c t l y  t o  ob ta in  a  ma t r ix  equat ion  i n  terms of the  unknown s t r e s s  
increment.  These two methods a r e  d iscussed  i n  d e t a i l  i n  Ref. 4. 
T h e  computer programs f o r  t h i s  a n a l y s i s  fol low a two-step procedure,  
F i r s t ,  an e l a s t i c  f in i t e -e l emen t  program must be used t o  develop t h e  
c o e f f i c i e n t  ma t r i ces  t o  be used i n  t h e  governing equat ion  f o r  t h e  
s t r e s s  increments.  The program accep t s  nodal  and member t o p o l o g i c a l  
information,  forms t h e  s t i f f n e s s  ma t r ix  f o r  the  s t r u c t u r e ,  and sub- 
sequent ly  performs t h e  necessary  ma t r ix  ope ra t ions  t o  form t h e  
c o e f f i c i e n t  ma t r i ces  r e l a t i n g  t h e  s t r e s s  increments t o  the incre- 
ments of app l i ed  load and i n i t i a l  s t r a i n .  Constant  s t r e s s  o r  
l i n e a r l y  vary ing  s t r e s s  elements a r e  used i n  computing tlnese co- 
e f f i c i e n t  ma t r i ces .  A s  a second s t e p ,  computer programs axe 
w r i t t e n ,  independent of t h e  type of f in i t e -e l emen t  used,  t o  pe r -  
form t h e  p l a s t i c i t y  a n a l y s i s .  
The s i m p l i c i t y  of t h i s  technique f o r  membrane s t r e s s  a n a l y s i s  
stems from t h e  f a c t  t h a t  t h e  c o e f f i c i e n t  ma t r i ces ,  i n i t i a l l y  de- 
veloped from an e l a s t i c  a n a l y s i s ,  remain unchanged dur ing  the course  
of t h e  p l a s t i c  a n a l y s i s ,  and thus  may be used wi thout  fi-arlther 
mod i f i ca t ion .  
I n  t h e  follow-on e f f o r t ,  r epor t ed  i n  Ref. 16,  t h e  methods pre-  
v i o u s l y  developed f o r  membrane s t r e s s e d  s t r u c t u r e s  were extended t o  
inc lude  the  t rea tment  of bending a lone  o r  i n  combination with mem- 
brane s t r e s s e s .  
An added complexity i n  a p l a s t i c  bending a n a l y s i s  i s  that 
p l a s t i c a l l y  deforming elements cannot  be t r e a t e d  a s  wholly p l a s -  
t i c .  The reg ions  of p l a s t i c i t y  extend through only a po-rtion o f  
t he  t h i c k n e s s ,  consequent ly,  i t  i s  necessary  t o  l o c a t e  elastic- 
p l a s t i c  boundaries w i t h i n  t h e  th i ckness  of the  element.  A technique 
developed t o  accomplish t h i s  both f o r  bending a lone  and fo r  bending 
i n  combination wi th  membrane s t r e s s e s ,  involves  an  assumted d i s  t r i b u -  
t i o n  of p l a s t i c  s t r a i n  a c r o s s  t h e  th i ckness  ( i . e . ,  each c:omponent of 
p l a s t i c  s t r a i n  was assumed t o  vary  l i n e a r l y  from t h e  extreme fibers 
t o  an e l a s t i c - p l a s t i c  boundary). A subsequent technique,  developed 
under t h e  p resen t  e f f o r t ,  does n o t  r e q u i r e  an a p r i o r i  as sump ti or^ 
concerning t h e  r e p r e s e n t a t i o n  of p l a s t i c  s t r a i n s  o r  t h e   elastic- 
p l a s t i c  baundary through t h e  th i ckness .  I n s t e a d ,  t h e  i n t e g r a t i o n s  
necessary  t o  ob ta in  t h e  components of the  i n i t i a l  s t r a i n  s t i f f n e s s  
ma t r i ces  a r e  performed numerical ly  by us ing  the  Gaussian quadra ture  
scheme f o r  in-p lane  i n t e g r a t i o n s  and Simpson% r u l e  f o r  t h e  p l a s t i c  
s t r a i n  i n t e g r a t i o n s  through t h e  th i ckness .  I n  a d d i t i o n ,  s t a t e s  of 
s t r e s s  a r e  eva lua ted  a t  s e l e c t e d  p o i n t s  through the  thic.kness.  Con- 
s t i t u t i v e  r e l a t i o n s  from t h e  p l a s t i c i t y  theory  a r e  used t o  eva lua te  
s t a t e s  of p l a s t i c  s t r a i n  a t  t h e s e  p o i n t s ,  and t h e  r e s u l t i n g  va r i a -  
t i o n  i s  used i n  eva lua t ing  t h e  p e r t i n e n t  i n t e g r a l s  associa  Led with 
those  mat r ices  r equ i red  i n  the  p l a s t i c  a n a l y s i s .  While t he  previous 
approach i s  q u i t e  s a t i s f a c t o r y  f o r  c a s e s  involv ing  monot~onic loading 
cond i t ions ,  i t  i s  neve r the le s s  r e s t r i c t i v e  and l eads  t o  g r e a t  com- 
p l e x i t i e s  when c o n s i d e r a t i o n  i s  g iven  t o  unloading and cyclilz loading 
involv ing  reversed  p l a s t i c  deformation. The new technique avoids 
such complexi t ies .  
A t  t h e  camplet ion of Cont rac t  NAS 1-7315, t h e  methodology had 
been extended s o  t h a t  t h e  " l ib ra ry"  of elements a v a i l a b l e  f o r  
p l a s t i c  a n a l y s i s  included a  beam of r e c t a n g u l a r  c r o s s  s e c t i o n ,  tri- 
angular  and r ec tangu la r  f l a t  p l a t e  e lements ,  and cons tan t  s t r a i n  
and l i n e a r  s t r a i n  t r i a n g u l a r  membrane elements.  Also included i n  
t h i s  s tudy was an i n v e s t i g a t i o n  t o  determine t h e  f e a s i b i l i t y  of i n -  
c lud ing  t h e  t rea tment  of geometric n o n l i n e a r i t y  w i t h i n  t h e  frame- 
work of t h e  p l a s t i c i t y  methods. An incrementa l  method was used t o  
account  f o r  t h e  e f f e c t s  of the  changing geometry of the  s t r u c t u r e  
a s  i t  deforms, and a p p l i c a t i o n  of t h e  combined non l inea r  procedure 
was made t o  beam and arch  s t r u c t u r e s ,  a s  r epor t ed  i n  Refs ,  13 and 16. 
The emphasis of the  two NASA c o n t r a c t s  was on the  development 
of methods, a long wi th  s u f f i c i e n t  computer programming and csmpu- 
t a t i o n  t o  e s t a b l i s h  the  v a l i d i t y  and e f f e c t i v e n e s s  of these  methods. 
T h e  r e s ~ ~ l t s  obtained f o r  almost a l l  of t h e  sample s t r u c t u r e s  con- 
s i d e r e d  dur ing  the  course  of t h e  c o n t r a c t s  were compared w i t h  ex- 
per imenta l  and/or  previous  a n a l y t i c a l  work, and t h e  c o r r e l a t i o n  
ranged from good t o  e x c e l l e n t .  On t h i s  b a s i s ,  we b e l i e v e  t h a t  t h e  
methods and procedures developed under these  c o n t r a c t s  can be used 
wi th  a  high l e v e l  of confidence.  The acceptance of these  p l a s t i c i t y  
methods a s  a  p r a c t i c a l  means f o r  determining t h e  non l inea r  response 
of s t r u e t u r e s  sub jec ted  t o  r e a l i s  t i c  loadings  now requ i red  t h a t  t hey  
be made a v a i l a b l e  on a  convenient  b a s i s  t o  t h e  s t r u c t u r a l  des igner  
and a n a l y s t .  This  requirement l ed  t o  t h e  c u r r e n t l y  r epor t ed  e f f o r t ,  
Contract: NAS 1-10087, t h e  purpose of which i s  t o  develop a  compre- 
hensive program t h a t  implements t h e  methods and procedures of t h e  
two previous i n v e s t i g a t i o n s ,  and thus  provides p r a c t i c a l  t o o l s  f o r  
the  des igne r  and a n a l y s t .  To accomplish t h i s  r e q u i r e s  t h a t  t h e  capa- 
b i l i t i e s  and c a p a c i t y  of  the  programs be s u f f i c i e n t l y  broad i n  scope 
s o  as $CD permit  t h e  a n a l y s i s  of r e a l i s t i c  s t r u c t u r e s  and t h a t  c l a s e  
a t t e n t i o n  be  pa id  t o  e f f i c i e n c y ,  s o  t h a t  computations can be m d e  
more ee onomical . 
T h e  scope of the  non l inea r  a n a l y s i s  c a p a b i l i t i e s  r e s u l t i n g  f r m  
t h e  stucly r epor t ed  on here  i s  presented  i n  Fig.  2a. The c a p a b i l i t i e s  
a r e  ca t a loged  i n  terms of t h e  types  of a n a l y s i s  t h a t  can  be t r e a t e d .  
Finite-element programs, w r i t t e n  f o r  each of t h e  ana lyses ,  t ake  f u l l  
advantage of t h e  d i s t i n c t i o n s  a s s o c i a t e d  wi th  each type of a n a l y s i s  
for w h i c h  they  were w r i t t e n .  The f i n a l  comprehensive program con- 
s i s t s  of these  programs under an execut ive  t h a t  w i l l  s e l e c t i v e l y  load 
and supe rv i se  the  execut ion  of i n d i v i d u a l  programs a s  s e l e c t e d  by t h e  
u s e r .  .bin o rgan iza t ion  c h a r t  of t h i s  s t r u c t u r e  i s  shown i n  F i g .  2b.  A 
more d e t a i l e d  d e s c r i p t i o n  of t h e  o rgan iza t ion  of PLANS (PLast ic  
ANalysis of S t r u c t u r e s )  i s  d iscussed  subsequent ly i n  t h i s  r e p o r t  and 
i n  d e t a i l  i n  a  companion r e p o r t .  
One of t h e  p r i n c i p a l  requirements of a  comprehensive f i n i t e -  
element p l a s t i c  a n a l y s i s  computer program i s  t h a t  i t  cont:ains a 
l4.brary of f in i t e -e l emen t s  of s u f f i c i e n t  v a r i e t y  tha t  i t  i s  capable 
of a c c u r a t e l y  desc r ib ing  the  s t a t e  of s t r e s s  and deforn~at ion  e x i s t -  
i ng  i n  a  wide v a r i e t y  of s t r u c t u r e s .  These elements should be of a 
b a s i c  shape such t h a t  a r b i t r a r y  geometric conf igura t ions  may be 
r ep resen ted  t o  any d e s i r e d  accuracy.  A c a t a l o g  of t h e  specific 
f in i t e -e l emen t s  t o  be a v a i l a b l e  i n  the  developed p l a s t i c i t y  program 
i s  presented i n  Appendix A .  A b r i e f  d i scuss ion  of each element i s  
presented i n  t h i s  appendix i n  which each element i s  c l a s s i f i e d  
according t o  the  type of a n a l y s i s  t o  which i t  i s  appl ica ls le -  
2 ,  GOVERNING W R I X  EQUATIONS 
The method employed i n  the  p resen t  report uses  an incremental  
formula t ion  f o r  the  l a r g e  d e f l e c t i o n ,  e l a s t o - p l a s t i c  problem and i s  
based on a  v a r i a t i o n a l  p r i n c i p l e  presented i n  Ref. 29 .  The approach 
used here  i s  i d e n t i c a l  i n  concept t o  t h a t  o u t l i n e d  i n  Ref.  24 ,  with 
t h e  except ion t h a t  p l a s t i c i t y  i s  t r e a t e d  by means of the  i n i t i a l  
s t r a i n  concept [30 ,  311 i n  the  p resen t  work, whereas the  tangent  
modulus method [ l o ]  i s  used i n  Ref. 24 .  
The use  of e i t h e r  approach r e q u i r e s  the  use of constzi tut ive 
r e l a t i o n s  f o r  an e l a s t i c - p l a s t i c  engineering m a t e r i a l .  Ln genera l ,  
t h e  ma t r ix  equat ions  governing t h e  response of a  s t r u c t u r e  t o  some 
a r b i t r a r y  h i s t o r y  of loading a r e  used t o  so lve  f o r  displacement and 
t o t a l  s t r a i n  increment.  It i s  necessary ,  therefore ,  t o  develop i n -  
cremental  r e l a t i o n s  l ink ing  p l a s t i c  s t r a i n  o r  s t r e s s  t o  t o t a l  s t r a i n s .  
These r e l a t i o n s  a r e  presented here  i n  ma t r ix  form f o r  s t r a i n  hardening 
and i d e a l l y  p l a s t i c  behavior .  A more d e t a i l e d  d i s c u s s i o ~ ~  i s  presented 
i n  Appendix B and Refs .  16 and 25 .  
Appropriate incremental  p l a s t i c i t y  r e l a t i o n s  t o  determine va lues  
of s t r e s s  and p l a s t i c  s t r a i n  developed during the  h i s t o r y  of loading 
a r e  now considered.  W i l l %  y i e l d  c r i t e r i o n  [32]  f o r  an o r tho t rop ic  
m a t e r i a l ,  which reduces t o  t h e  Von Mises y i e l d  cond i t ion  f o r  i s o -  
t r o p i c  m a t e r i a l s ,  i s  used t o  p r e d i c t  i n i t i a l  y i e l d  and t o  ob ta in  the  
flow r u l e s  sf p l a s t i c i t y .  The c a p a b i l i t y  of handling both s t r a i n  
hardening and i d e a l l y  p l a s t i c  behavior i s  included i n  the  a n a l y s i s ,  
While o r t h o t r o p i c  behavior  i s  included i n  the  case  of ideal. p l a s t i c i t y ,  
only i s c ~ t r o p i c  behavior i s  now allowed when the  m a t e r i a l  s t r a i n  
hardens,  There a r e  s e v e r a l  t h e o r i e s  t o  t r e a t  t h e  p l a s t i c  behavior 
of s t r a i n  hardening o r t h o t r o p i c  m a t e r i a l s ,  b u t  t he  acceptance of a  
s u i t a b l e  one awai t s  f u r t h e r  expe r iuen ta l  v e r i f i c a t i o n ,  A d i scuss ion  
of three  t h e o r i e s  f o r  the  t reatment  of s t r a i n  hardening m a t e r i a l s  i s  
presented i n  Appendix B. Two of these  t h e o r i e s  ( i s o t r o p i c  hardening 
and kinematic hardening) have been developed f o r  i n i t i a l l y  i s o t r o p i c  
m a t e r i a l s ;  t h e  t h i r d  theory (work-hardening moduli i )  can t r e a t  i n i -  
tially a n i s o t r o p i c  m a t e r i a l s .  
Regardless s f  the  theory  used,  l i n e a r  incremental  c o n s t i t u t i v e  
relations can be developed and incorpora ted  i n t o  an equat ion  r e -  
lating genera l ized  loads  t o  genera l ized  displacements of an a r b i -  
t r a r y  s t r u c t u r e .  These c o n s t i t u t i v e  r e l a t i o n s  can be convenient ly  
represented  i n  ma t r ix  form. 
Matrix Rela t ions  - S t r a i n  Hardening 
We can,  f o r  smal l  s t r a i n  increments ,  decompose t h e  t o t a l  s t r a i n  
increment (neT] i n t o  e l a s t i c  {bee]  and p l a s t i c  (A€] components, 
a s  
The e l a s t i c  s t r a i n  increments a r e  r e l a t e d  t o  t h e  s t r e s s  incrernents 
Cno3 by 
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w h e r e  [ E l  i s  an a r r a y  whose elements a r e  combinations of e l a s t i c  
mater ia l  cons tan t s .  
Regardless s f  t he  p l a s t i c i t y  theory  used,  a  l i n e a r  incremental  
c o n s t i t u t i v e  r e l a t i o n  between p l a s t i c  s t r a i n s  and s t r e s s e s  can be 
written. This r e l a t i o n s h i p  can be represented  a s  
Therefore ,  s u b s t i t u t i n g  Eqs. (2 )  and ( 3 )  i n t o  (1) w e  can w r i t e  
where [ R ]  = [EI- '  + L C ] .  
Matrix Re la t ions  - P e r f e c t  P l a s t i c i t y  
The t rea tment  of m u l t i a x i a l  e l a s t i c  i d e a l l y  p l a s t i c  behavior 
r e q u i r e s  t h a t  t h e  fol lowing cond i t ions  be s a t i s f i e d :  
@ The s t r e s s  increment vec to r  must be tangent  
t o  the  loading  su r face .  
The p l a s t i c  s t r a i n  increment v e c t o r  must be 
normal t o  the loading su r face ,  where the  loading 
su r face  i s  t h e  r e p r e s e n t a t i o n  i n  s t r e s s  space sf 
the  i n i t i a l  y i e l d  func t ion  o r  t h e  subsequent yield 
func t ion  a f t e r  some p l a s t i c  deformation has occurred, 
I f  f ( o i j )  r e p r e s e n t s  the  y i e l d  su r face ,  t he  f i r s t  cond i t ion  
can be expressed a n a l y t i c a l l y  a s  
and provides a l i n e a r  r e l a t i o n s h i p  among t h e  components of s tress 
increment.  Thus, one of t h e  components may be expressed i n  terms 
of the  o t h e r s .  I n  ma t r ix  form, t h i s  can be w r i t t e n  a s  
where [&} r e p r e s e n t s  t h e  independent s t r e s s  components. 
The normal i ty  cond i t ion  provides a l i n e a r  r e l a t i o n  among t h e  
va r ious  components of the  p l a s t i c  s t r a i n  increment.  This  cond i t ion  
i s  der ived  from the  flow r u l e  of Eq. (B-3 ) ,  and provides a l i n e a r  
r e l a t i o n s h i p  i n  which each of t h e  components of p l a s t i c - s t r a i n  
increment can be w r i t t e n  i n  te rms of any one component. T h i s  re- 
l a t i o n s h i p  may be r ep resen ted  i n  t h e  fol lowing form 
where {A€} i s  t h e  independent p l a s t i c  s t r a i n  increment ,  
fb 
It i s  apparent from Eq. (5) t h a t  the  independent increments 
of s t r e s s  and p l a s t i c  s t r a i n  can be combined and wr i t t en  a s  the  
components of a vector ,  [Am} (see Ref. 33),  so t h a t  Eqs. (6) 
can be wr i t t en ,  respect ively ,  a s  
Combining the above equations with Eqs. (1) and (2) ,  we can form 
the following r e l a t i o n  f o r  the  independent quan t i t i e s  
* 
where [E ] = [ E ] - ~ [ ~ ]  + [E] . 
rC, 
Thus, it i s  apparent t h a t ,  upon the se lec t ion  of an appro- 
p r i a t e  p l a s t i c i t y  theory t o  represent  the nonlinear mater ia l  be- 
havior, the cons t i t u t i ve  r e l a t i ons  can be represented i n  terms of 
a l i n e a r  matrix r e l a t i o n .  There a r e  severa l  a l t e r n a t i v e s  towards 
incorporating t h i s  r e l a t i o n  i n t o  the f i n a l  equation r e l a t i n g  loads 
t o  deformations. The approaches we have found t o  be convenient 
( i n  terms of required machine time) and accurate when compared with 
previous solut ions  and/or experiments, a r e  outl ined i n  the  following 
subsections. 
Development of Load-Deflection Relat ions 
A s  the  i n i t i a l  s t ep  towards the  development of the governing 
matrix equation, we choose a reference s t a t e ,  rR, i n  the  body, f o r  which the s t a t e s  of s t r e s s ,  s t r a i n ,  and deformation a r e  known. 
We now choose the next  s t a t e  t o  be incrementally adjacent  t o  the 
i n i t i a l  s t a t e  with a l l  quan t i t i e s  re fe r red  t o  the  reference s t a t e ,  
i . e . ,  x i  = X i  + Aui, where X i  a r e  the new coordinates of an 
a r b i t r a r y  point ,  Xi a r e  the o r ig ina l  coordinates i n  the  l o c a l  
coordinate system, and A u ~  a r e  the  incremental def lec t ions  of 
the point  i n  going from the  reference s t a t e  t o  the cur ren t  s t a t e  
[291. 
A t  t h e  s t a r t  of a  load increment,  l e t  t he  s t r e s s e s ,  surface 
t r a c t i o n s ,  and body f o r c e s  a c t i n g  on the  s t r u c t u r e  be deraoted by 
q j .  T!, and F?. These q u a n t i t i e s  a r e  r e f e r r e d  t o  a  u n i t  of 
"undef o r m e d ' b r e a ,  i. e  . , bef o re  the  a d d i t i o n  of the  c u r r e n t  Load 
increment,  They t ake  i n t o  account t h e  e f f e c t s  of any previous i n i -  
t i a l  s t r a i n s  p resen t  i n  t h e  body. The a p p l i c a t i o n  of an i n c r e -  
mental load &o the  body, expressed i n  terms of QTi and GFi ,  r e -  
s u l t  i n  a d d i t i o n a l  s t r e s s e s  Aoij ,  displacements Aui, p l a s t i c  
( i n i t i a l )  s t r a i n s  k t j ,  and the  d i s t o r t i o n  of the body t o  i t s  
new conf igura t ion  given by x i .  
The t o t a l  s t r e s s e s ,  su r face  t r a c t i o n s ,  and body f o r c e s ,  re-  
f e r r e d  t o  the  u n i t  undeformed a r e a  and i n  the  new coordina te  d i r e c -  
t i o n s  x i ,  a r e  
The development of t h e  governing ma t r ix  equat ion  may be ap-  
proached by one of s e v e r a l  a l t e r n a t i v e  procedures .  The author:; 
choose here t h e  p r i n c i p l e  of v i r t u a l  work, which, f o r  an i n c r e -  
mental method, may be w r i t t e n  a s  [ 2 9 ] :  
( Z  . -4- Ao. .)6(Q;. .)dV = 0 (Ti +  AT^) 6 (Aui) dS 
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Here i s  Green's s t r a i n  t enso r  t h a t  r e f e r s  t o  the  original 
o r  "undefomedP6 volume of t h e  element 
I n  ch i s  expression Aeij a r e  the  terms t h a t  r ep resen t  a  l i n e a r  
s t ra in-displacement  r e l a t i o n s h i p ,  while A v i j  a r e  those a s soc ia t ed  
with t he  nonl inear  terms i n  the  s t ra in-d isp lacement  r e l a t i o n s h i p ,  
The incr~emental  c o n s t i t u t i v e  equat ions a r e  taken t o  be i n  the  f o l -  
lowing form 
where A E ~ ~  a r e  t h e  i n i t i a l  o r  p l a s t i c  s t r a i n s  developed i n  the  
c u r r e n t  increment based upon the  "undef ormed" geometry. Thes e  
a r e  assu~ned t o  be small  and independent of the  t o t a l  s t r a i n s .  The 
terms, 13ij k l ,  a r e  t h e  l i n e a r l y  e l a s  t i c  m a t e r i a l  p r o p e r t i e s .  
Sub , s t i t u t ing  t h e  s t r e s s - s t r a i n  r e l a t i o n s ,  E q s .  (12) and (11) 
i n t o  Eq. (10) y i e l d s  
f ,Ae E 6(Aekl) + Z. .6 (Aqij) 1 ]dV = ij i j k l  1-J 
We now have an equat ion  t h a t  i s  s i m i l a r  i n  form t o  that pre- 
sented  i n  Ref .  24, w i t h  the  except ion of those terms a s s o c i a t e d  
with i n i t i a l  s t r a i n s .  A s  i n  Ref .  24 ,  i t  i s  assumed t h a t ,  akchough 
t o t a l  s t r a i n s  may be l a r g e ,  incremental  s t r a i n s  from one neighbor- 
i ng  s t a t e  t o  the  next  a r e  smal l ,  and thus t h e  l a s t  t w o  terms of 
E q .  (13) (which a r e  cubic  and q u a r t i c  i n  displacement inc reven t s )  
may be neglec ted  when compared t o  terms t h a t  a r e  quadra t i c  i n  d i s -  
placement increments .  These terms t h a t  a r e  neglec ted  lead  t o  the 
matr ices  [ N ~ ]  and [ N ~ ]  of Ref ,  34 and must be retainled i n  a 
t o t a l  Lagrangian formula t ion .  An a d d i t i o n a l  mat r ix  due to the 
presence of i n i t i a l  s t r a f n s  i s  a l s o  generated from the l a s t  term 
of E q .  (131, bu t  a s  i t  c o n t r i b u t e s  terms of the  same order  of nag-- 
n i t u d e  a s  the  o the r  termsneglected,  i t  too  need no t  be r e t a i n e d ,  
We then have 
0 0 I f  the  i n i t i a l  s t r e s s  s t a t e ,  X i j ,  Ti, and Fi, i s  i n  equilibrium 
a t  t h e  s t a r t  of the  incremental  s t e p ,  then the  l a s t  t h r e e  terms of 
E q .  (14) vanish and we g e t  t h e  fol lowing incremental  i n i t i a l  strain, 
l a r g e  d e f l e c t i o n  r e l a t i o n :  
T h e  f i r s t  term of t h i s  equat ion  y i e l d s  t h e  i n i t i a l  s t r e s s  
stiffness mat r ix  a f t e r  t he  r o t a t i o n s  ( o r  o t h e r  nonl inear  terms) 
have been expressed i n  terms of nodal  degrees of freedom. The 
second term l eads  t o  the  convent ional  s t i f f n e s s  mat r ix .  The f i r s t  
t w o  termis on the  r i g h t  s i d e  l ead  t o  the c o n s i s t e n t  load vec to r s  
f o r  su r face  t r a c t i o n s  and body f o r c e s ,  r e s p e c t i v e l y ,  The l a s t  
term on the  r i g h t  s i d e  leads  t o  the  i n i t i a l  s t r a i n  s t i f f n e s s  ma t r ix  
which i s  m u l t i p l i e d  by a  vec to r  of p l a s t i c  ( i n i t i a l )  s t r a i n s  t o  be 
used as an "e f fec t ive"  p l a s t i c  load v e c t o r ,  
Because w e  use a  p r e d i c t o r  procedure,  however, t he  i n i t i a l  
stress s t a t e  may no t  be i n  e q u i l i b r i m  before  the  c u r r e n t  load s t e p .  
The r e s u l t s  f o r  the  nex t  s t e p  may be ad jus t ed  o r  c o r r e c t e d  f o r  t h i s  
imbalance by in t roducing  a  r e s i d u a l  f o r c e  given by [ 2 4 ] .  
Any d i sc repanc ies  due t o  t h e  n e g l e c t  of t h e  change i n  d i r e c -  
tion of the  load a r e  a l s o  accounted f o r  i n  E q .  (16) ,  because the  
t o t a l  load i s  app l i ed  t o  the  s t r u c t u r e  i n  i t s  c u r r e n t  conf igura-  
tion. The t o t a l  s t r e s s e s  o i .  obtained a t  t h e  end of load i n c r e -  
ment N become t h e  i n i t i a l  sg res ses  f o r  s t e p  (N + 1 ) .  These 
must now be r e l a t e d  t o  the  new deformed a r e a  (which i s  the  unde- 
formed a r e a  f o r  s t e p  N + 1 ) .  The t ransformat ion  t h a t  accomplishes 
this is presented i n  Ref. 24 and w r i t t e n  here a s  
where the  Amik a r e  t h e  incremental  roga t ions .  S imi lar  trans- 
formations must be c a r r i e d  ou t  f o r  the  su r face  t r a c t i o n s ,  S d y  
f o r c e s ,  and i n i t i a l  s t r a i n s .  
We w i l l ,  a t  t h i s  p o i n t ,  mention t h a t  t h e  Pas t  two t e r m s  o f  
E q .  (13) need n o t  be neglec ted  and. can be included without the 
formation of any a d d i t i o n a l  s t i f f n e s s  mat r ices  bes ides  the r e -  
qu i red  i n i t i a l  s t r e s s  s t i f f n e s s  ma t r ix  and i n i t i a l  strain s i t f f -  
ness  mat r ix .  These terms may be r e t a i n e d  i n  a p r e d i c t o r  grfacess 
i n  which va lues  f o r  A ~ i j  and Aqij obtained from the  previous 
s t e p  ( appropr i a t e ly  ex t r apo la t ed )  a r e  used i n  the  formulat ion of' 
t he  appropr i a t e  s t i f f n e s s  ma t r i ces  f o r  the  nex t  incremental  s t e p .  
This  should permit t he  use  of l a r g e r  s t e p  s i z e s  i n  t h e  current 
formulat ion.  This  l a t t e r  concept was no t  used t o  ob ta in  t h e  r e -  
s u l t s  presented  here .  
F i n a l  Matr ix Equat ions and So lu t ion  Procedures 
The f i n a l  form of the  incremental  equat ions  used in the finite- 
element formulat ion i s  obtained from E q .  (14). The  displacements 
( ~ u ) ,  l i n e a r  t o t a l  s t r a i n s  (Ae!j 1 ,  and r o t a t i o n s  (CliujLj? are  re-  
l a t e d  t o  t h e  nodal  genera l ized  drspbacements { b y }  via  the fo l low-  
i n g  ma t r ix  r e l a t i o n s :  
We then  have 
where 
and body f o r c e  terms have been neglec ted ,  a s  they a r e  no t  considered 
i n  this report .  Here [ko]  i s  t h e  convent ional  s t i f f n e s s  mat r ix ,  
[k'j i s  t h e  " i n i t i a l  s t r e s s "  o r  geometric s t i f f n e s s  mat r ix ,  ( A P ~ ]  
is t h e  vec to r  of app l i ed  loads ,  [ A Q ~ )  i s  t h e  e f f e c t i v e  p l a s t i c  
load v e c t o r ,  and { R ~ ]  i s  the  v e c t o r  of r e s i d u a l  f o r c e s  due t o  the 
ex i s t ence  of any equ i l ib r ium imbalance t h a t  may e x i s t  because of 
t h e  p r e d i c t o r  n a t u r e  of the  numerical s o l u t i o n  procedure.  
Equation (19) i s  der ived  by us ing  a  moving coordina te  system 
fixed t o  the  body. It i s  v a l i d  f o r  l a r g e  e l a s t i c - p l a s t i c  deforma- 
t i o n s ,  provided the appropr i a t e  nonl inear  terms a r e  r e t a i n e d  i n  the  
s t ra in-d isp lacement  r e l a t i o n s  and t h e  t o t a l  s t r a i n  increment can be 
simply decomposed i n t o  e l a s t i c  and p l a s t i c  components. Add i t iona l ly ,  
p roper  t ransformat ions  from t h e  previous t o  c u r r e n t  coord ina te  sys-  
tems must be used s o  t h a t  t h e  changes i n  o r i e n t a t i o n  and volume of 
the elements must be accounted f o r  [23, 241. I n  t h i s  r e p o r t ,  con- 
sideration i s  r e s t r i c t e d  t o  small  s t r a i n ,  moderate r o t a t i o n  prob- 
lems, A l t e r n a t i v e  s o l u t i o n  techniques t o  so lve  E q .  (19) a r e  pre-  
sen ted  and comprehensively d iscussed  i n  Ref.  33. For  completeness,  
a b r i e f  summary of these  techniques i s  p r e s e n t e d  here .  
Mate r i a l  Nonl inear i ty  
I f  we i n i t i a l l y  n e g l e c t  t h e  e f f e c t s  of changing geometry and 
t h e  equ i l ib r ium c o r r e c t i o n  term, and w r i t e  the  e l a s t i c  s t i f f r ees s  
ma t r ix  a s  
and use  the  s u p e r s c r i p t  I"'' t o  denote t h e  "kt''' load increment, 
then Eq. (19) may be w r i t t e n  a s  
It should be noted t h a t  t h e  i n i t i a l  s t r e s s  s t i f f n e s s  mat r ix  [k'] 
i s  n o t  n e c e s s a r i l y  a s s o c i a t e d  only with geometric n o n l i n e a r i t y ;  i t  
may a l s o  be r equ i red  i n  such o t h e r  cases  a s  the  bending of plates 
subjec ted  t o  membrane s t r e s s .  
I n  Ref. 33 ,  Eq. (21) i s  pu t  i n t o  a l t e r n a t i v e  forms s u i t a b l e  
f o r  numerical s o l u t i o n ;  d i s t i n c t i o n s  among the  b a s i c  forms enployed 
a r e  accomplished by us ing  t h e  term "method," and d i s t i n c t i o n s  among 
the  s o l u t i o n  procedures a r e  e f f e c t e d  by us ing  the  term "'pro~edure,~~ 
Displacement Method - P r e d i c t o r  Procedure.  I n  t h e  first 
""method" t o  be t r e a t e d ,  t h e  " e f f e c t i v e  p l a s t i c  loading" i s  taken t o  
be equal  t o  t h a t  computed i n  t h e  preceding load increment,  and i s  
thus  taken a s  a  known q u a n t i t y  i n  t h e  equat ion .  
The f i n a l  form of Eq. (21) i s  
k k k [ke l  (aui1 = [ A P ~ )  + [ @ . I  k - l  
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where k-1  i s  the  preceding load s t e p .  The u s e  of t h i s  type of pre- 
d i c t o r  procedure obv ia t e s  "the n e c e s s i t y  of in t roduc ing  the plastic 
s t r e s s - s t r a i n  r e l a t i o n s  e x p l i c i t l y  i n t o  t h e  governing mat r ix  equation, 
The incremental  s o l u t i o n  technique using Eq. (22)  reduces t o  a 
sequence of l i n e a r  problems i n  which the  app l i ed  loading i s  con- 
s t a n t l y  modified by the  e f f e c t i v e  p l a s t i c  load vec to r .  T h u s ,  wi th  
t h e  increments of gene ra l i zed  displacement obtained from E q ,  (22), 
t h e  s t ra in-d isp lacement  r e l a t i o n s  and Eqs. (4) and (3) a r e  used to 
ob ta in  t h e  complete s o l u t i o n  f o r  increments of t o t a l  s t r a i n ,  s t r e s s ,  
and p l a s t i c  s t r a i n ,  r e s p e c t i v e l y ,  assuming e l a s t i c  s t ra in-hardening  
m a t e r i a l  behavior .  The corresponding r e l a t i o n s  [ r e p l a c i n g  E q s ,  (4)  
and ( 3 ) ]  f o r  an e l a s t i c ,  i d e a l l y - p l a s t i c  m a t e r i a l  a r e  given i n  
Eqs . (7)  and (8) . Afte r  summing a l l  incremental  q u a n t i t i e s  to de- 
termine c u r r e n t  va lues  of t h e  p e r t i n e n t  v a r i a b l e s ,  new values  of 
t h e  increments of f i c t i t i o u s  load {AQ] a r e  determined f o r  each ePe- 
ment i n  the  p l a s t i c  range,  and the  procedure i s  repea ted  u n t i l  the end 
of the loading process  i s  reached,  A f u r t h e r  d i scuss ion  of t h e  use of 
t h e  e f f e c t i v e  p l a s t i c  load concept i n  conjunct ion  wi th  t h e  b a s i c  gov- 
erning matr ix  equat ion ,  Eq. (221, can be found i n  Refs .  13,  16,  and 25. 
S t r a i n  Method --. Pred ic to r  Procedure.  The p r e d i c t o r  procedure 
solutiol;:: technique can a l s o  be app l i ed  i n  an a l t e r n a t i v e  formulat ion 
of ebe problem involving a  d i r e c t  s o l u t i o n  f o r  the  increments of t o t a l  
strain. This  a l t e r n a t i v e  formulat ion i s  app l i cab le  t o  those problems 
i n  which an e x p l i c i t  so%ut ion  f o r  displacements ,  o r  t h e i r  increments ,  
i s  9:ot r equ i red ,  and where the  i n i t i a l  s t r a i n  s t i f f n e s s  mat r ix  [k*] 
does n o t  change throughout t h e  loading range .  The governing ma t r ix  
e q u s ~ i o r ~  i n  t h i s  formulat ion i s  determined by s u b s t i t u t i n g  E q .  (20) 
i n t c  Eq , (19) ,  and making use of the  nodal s t ra in-d isp lacement  r e l a -  
tion of the  fol lowing form: 
and 
w h e r e  [wi] r e p r e s e n t s  t h e  ma t r ix  r e l a t i n g  t h e  l i n e a r  component of 
the s t r a in -d f sp lacenen t  equat ions  t o  the  nodal  degrees of freedom. 
I f  we wish t o  use a  p r e d i c t o r  procedure t o  so lve  E q .  (231, we 
must write t h i s  r e l a t i o n  i n  the  fol lowing form: 
Usrrig va lues  of es t imated  i n  t h i s  way, we can f ind  t h e  un- 
kncwsl. cotab s t r a i n  increments from E q ,  (241 ,  and then f i n d  the  i n -  
crements; s f  s t r e s s  and p l a s t i c  s t r a i n  from E q s .  94) and (3) f o r  s t r a i n -  
hardecir lg behavior ,  o r  f r o m  E q s ,  $ 7 )  and (8) for i d e a l l y  p l a s t i c  be- 
h a v i c r ,  i n  Refs, 4 ,  6 ,  7 ,  and 25  t h e  p r e d i c t o r  procedure i s  a l s o  
f o r n w l a t . 4  i n  terms of a governing mat r ix  equat ion r e l a t i n g  increments 
o f  sta--.ss t o  increments of I ~ a d  and p l a s t i c  strain, s i m i l a r  t o  t h a t  of 
Eq. (23) , This  procedure,  r e f e r r e d  t o  a s  a "cons tant  st.ress'"prco- 
cedure,  has beel. ,lilowr t o  lead  r;o a c h a r a c t e r i s t i c  numerical i n -  
s t a b i l i t y  [ 4 ,  7 ,  ~ 5 1 .  No such i n s t a b i l i t y  occurs when t h e  pre- 
d i c t o r  procedure i s  used i n  conjunct ion  with Eq. (22)  or Eq, ( 2 4 )  , 
The prediccsor ~ r o c t d u r e ,  involv ing  the  use s f  estimc2ted va lues  
of p l a s t i c  s t r a i n  i n  E q ,  (22) o r  Eq. (24-1, has computat-L1~nd7 ad- 
vantages s ince  t h e  s o l u t i o n  r e q u i r e s  only mat r ix  mult ipl ica:  i n  
each load s t e p  once the corresponding e f f e c t i v e  p l a s t i c  Load vec,,r 
i s  f o r ~ e d ,  provided the  mat r ix  [ke]  i s  cons tant  and thus need be 
inve r t ed  only once. This  d i f f e r s  from h e  d i r e c t  substi1:ution pro-  
cedure ,  t o  be dis.zussed below, i n  which mat r ix  inve r s ion  o r  s i m u l -  
taneous equat ion  s o l u t i o n  i s  r equ i red  a t  each load s t e p ,  However, 
a disadvantage a s soc ia t ed  with t h e  p r e d i c t o r  procedure s o k ~ ~ t i o n  
technique i s  a " d r i f t i n g ' h f  t h e  numerical r e s u l t s  from t h e  r r u e  
s o l u t i o n  a s  p l a s t i c  s t r a i n  proceeds.  One may choose t o  use srnal.3 
load increments f o r  improved accuracy,  thereby reducing t h e  csrnpu- 
t a t i o n a l  advantage of t h i s  procedure,  o r  the  r e s u l t s  f o r  any inc re -  
ment may be ad jus t ed  o r  co r rec ted  toward the  t r u e  soilutia~n by f n t r o -  
ducing a r e s i d u a l  f o r c e  { R ~ )  t o  ensure equi l ibr ium of t h e  total 
system. A t  any s t e p ,  t he  r e s i d u a l  f o r c e  may be computed f r o m  t h e  
governing equat ions w r i t t e n  i n  terms of t o t a l  q u a n t i t i e s ,  Thus, 
f o r  t h e  displacement method we have 
k k k k !Ril = - [kel  !uil + (Pi] + [qi)  k - l  9 
and f o r  the  s t r a i n  method 
The value of the  r e s i d u a l  f o r c e  i s  used i n  t h e  next  incremental  
load s t e p ,  i . e . ,  
thod --. Direc t  Subs I Prcaeedure , 
--- 
The u b e  i~i t ia .1 
s t r a i n  method of f in i t e -e l emen t  p l a s t i c i t y  a n a l y s i s ,  An alternative 
approach, commonly r e f e r r e d  t o  a s  t h e  tangent  modulus method, Ln- 
volves the  d i r e c t  s u b s t i t u t i o n  of the  incremental  c o n s t i t u t i l e  p l a s -  
t i c i t y  r e l a t i o n s  i n t o  the  governing ma t r ix  equat ion ,  E q ,  (211, For 
an e l a s t i c ,  s t ra in-hardening  ma te r i a l :  Eqs. ( 3 )  and (4) nay  h e  
combined t o  y i e l d  an incremental  r e l a t i o n  between p l a s t i c  s t r a i n s  
and t o t a l  s t r a i n s .  For an e l a s t i c ,  i d e a l l y - p l a s t i c  m a t e r i a l  the 
incremental  r e l a t i o n  between p l a s t i c  s t r a i n s  and t o t a l  s t r a i n s  
i s  obtained from Eq. ( 8 ) .  Thus, r ega rd le s s  of m a t e r i a l  behavior ,  
an equat ion  of the  fol lowing form may be w r i t t e n  a t  those nodes 
o r  elements i n  the  p l a s t i c  range:  
where [ s ]  r e f l e c t s  s t ra in-hardening  o r  i d e a l l y - p l a s t i c  behavior 
and i s  a n u l l  ma t r ix  a t  those  nodes o r  elements i n  t h e  e l a s t i c  
range, 
A n  incremental  p l a s t i c  s t ra in-d isp lacement  r e l a t i o n  i s  ob- 
tained 'by s u b s t i t u t i n g  t h e  t o t a l  s t ra in-d isp lacement  r e l a t i o n  
i n t o  Eq. (28), s o  t h a t  we can w r i t e  
,A l i n e a r  incremental  load-displacement r e l a t i o n  of the  form 
where [kT] = [k,] - [ ~ * ] [ s ] [ w ~ ] ,  r e s u l t s  from s u b s t i t u t i n g  
Eq, (29') i n t o  Eq. (19) .  A l t e r n a t i v e l y ,  a f t e r  ex tens ive  manipula- 
tion ( see  [ 3 3 ] ) ,  
[MI = [ R ] ~ '  f o r  s t ra in-hardening  behavior 
* -1 
= [E ]  f o r  p e r f e c t l y  p l a s t i c  behavior .  
A d i r e c t  formulat ion of the  equat ions i n  the  tangent  modulus form 
b a s  beem presented i n  [22, 24 1 .  
The ma t r ix  [$I i n  Eq. (31) may be regarded a s  a "'plastic 
s t i f f n e s s  matrix" sslnce i t  e x p l i c i t l y  con ta ins  t h e  e f f e c t  of p l a s -  
t i c i t y  and e n t e r s  i n t o  the  a n a l y s i s  a s  an a d d i t i o n a l  component of 
t h e  t o t a l  s t i f f n e s s  ma t r ix .  F u r t h e r ,  s i n c e  the  elements of  [kp] 
a r e  func t ions  of the  ins tan taneous  s t r e s s  s t a t e ,  they  must be 
eva lua ted  a t  each incremental  s t e p .  S i m i l a r l y ,  s u b s t i t u t i n g  t h e  
incremental  p l a s t i c  s t r a i n - t o t a l  s t r a i n  r e l a t i o n  of E q ,  (29)  into 
Eq. (23) r e s u l t s  i n  the  fol lowing equat ion:  
where [PI = [ A ]  + [JICS]. 
The d i r e c t  s u b s t i t u t i o n  procedures ,  a s  i s  the  case  w i t h  the 
p r e d i c t o r  procedures ,  may make use  of an equ i l ib r ium c o r r e c t i o n  t o  
account f o r  e r r o r s  a s s o c i a t e d  with t h e  l i n e a r  incrementat ion of 
t h e  problem. For  example, i n  t h e  displacement method we can write 
Summary of Methods f o r  P l a s t i c  Analysis  
A d i s t i n c t i o n  among the  va r ious  formulat ions i s  a s s o c i a t e d  w i e h  
t h e  s o l u t i o n  procedures used, which may be named the  p r e d i c t o r  and 
t h e  d i r e c t  s u b s t i t u t i o n  procedures.  I n  t h e  former,  e s t i n ~ a t e d  va lues  
of p l a s t i c  s t r a i n  a r e  used i n  t h e  governing l i n e a r  ma t r ix  e q u ~ t i o n ,  
Thus, p l a s t i c  e f f e c t s  a r e  t r e a t e d  i n  t h e  l i n e a r  ma t r ix  eeluati-on by a 
modif ica t ion  t h a t  i s  e x t e r n a l  t o  the  s t i f f n e s s  inf luence  coefficient 
matr ix .  I n  the  d i r e c t  s u b s t i t u t i o n  procedure,  p l a s t i c i t y  i s  accounted 
f o r  by means of an " in t e rna l "  modif ica t ion  of the  s t i f f n e s s  ma t r ix ,  
The d i r e c t  s u b s t i t u t i o n  o r  i n t e r n a l  modif ica t ion  procedure,  
though i t  r e t a i n s  t h e  e r r o r s  a s s o c i a t e d  w i t h  s tepwise l i nea r i . za t ion ,  
does e l imina te  t h e  propagat ion of e r r o r  a s s o c i a t e d  with the pre -  
d i c t o r  o r  e x t e r n a l  modif ica t ion  procedure.  This  improvement i n  
accuracy f o r  a given magnitude of the  load increment i s ,  he~wever, 
accompanied by an i n c r e a s e  i n  t h e  number of numerical opera t iox~s  
r equ i red  t o  ob ta in  a s o l u t i o n .  These opera t ions  can be cornpbta- 
t i o n a l l y  expensive,  s i n c e  t h e  elements of the  in f luence  coefficient 
mat r i ces ,  [ + I  of Eqs. (30) o r  (31) o r  [ Y ]  of Eq. (321,  m u s t  be 
recomputed a t  each incremental  s t e p  of loading.  The e f f e c c  of t h i s  
can be mi t iga ted  by inc reas ing  t h e  magnitude of the  load increment,  
b u t  a t  rhe c o s t  of g r e a t e r  inaccuracy.  A choice  between t h e  two 
basic procedures thus involves  a t r adeof f  between smal le r  load i n -  
crement but  l e s s  computation per  increment,  i n  the  c a s e  of the  pre-  
dictor procedure,  and l a r g e r  load increment b u t  more computation pe r  
increment,  i n  t h e  c a s e  of the  d i r e c t  s u b s t i t u t i o n  procedure.  This  
choice w;i:L1 n o t  be obvious i n  any given problem. 
An approach t h a t  combines the  two procedures might prove t o  
be t h e  most e f f e c t i v e .  For example, t he  p r e d i c t o r  procedure may 
be  s u f f i c i e n t l y  accura te  i n  those reg ions  of a s t r u c t u r e  where 
piasr:j.s= iflow has begun b u t  has not  y e t  been s u b s t a n t i a l l y  developed. 
I n  those reg ions  where p l a s t i c  e f f e c t s  a r e  predominant, t h e  d i r e c t  
s u b s e i c u t i s n  proczdure could be used. 
Implementation of Combined P l a s t i c i t y  and Geometric Non l inea r i ty  
A primary cons ide ra t ion  i n  choosing a method f o r  the  a n a l y s i s  
of geometric n o n l i n e a r i t y  from among t h e  s e v e r a l  c u r r e n t l y  a v a i l -  
a b l e  i s  the  ease  with which i t  can be combined with methods of 
p l a s t i c  a n a l y s i s .  For t h i s  reason ,  our approach i s  based upon a 
P i ~ e a r i z e d  incremental  formula t ion ,  i . e . ,  one i n  which t h e  non- 
P t : e ~ r  a n a l y s i s  i s  reduced t o  t h e  s o l u t i o n  of a sequence of l i n e a r  
incremen1:al equations. I n  Refs .  6 ,  10,  and 35, t h i s  approach was 
used t o  so lve  problems involving geometric n o n l i n e a r i t y .  Since t h e  
p 1 a s t i c i l ; y  r e l a t i o n s  a r e  themselves incrementa l ,  and the  methods 
d iscussed  i n  khe preceding s e c t i o n  depend upon a r e v i s i o n  of t h e  
governing matr ix  equat ion  i n  each loading s t e p ,  t h e  modif ica t ions  
necessarY7 t o  incorpora te  " l a rge  d e f l e c t i o n q ' t e r m s  a r e  minimal. 
The method of s o l u t i o n  of t h e  smal l  s t r a i n , g e o m e t r i c a l l y  non- 
linear problem discussed  here involves  the  s o l u t i o n  of a sequence 
of O%bram~-columnB' type problems, using Eq. (191, i n  which va lues  of 
the membirane s t r e s s  r e s u l t a n t s  and t h e  geometry of t h e  deformed 
s tr-us: talire? a r e  updated i n  each increment of loading.  For s u f f i c i e n t l y  
smal l  loading increments,  t he  increments of r o t a t i o n  i n  any f i n i t e -  
element 1n1Ll.1 be small  a s  measured with r e s p e c t  t o  a l o c a l  coordina te  
sysren t h a t  t r a n s l a t e s  and r o t a t e s  with t h e  element i n  success ive  
loadkng s t e p s  (but  i s  assumed t o  remain f i x e d  w i t h i n  any one loading 
step), Consequently, squares  and products  of t h e  increments of 
r s t a t i ~ n  m y  be neglec ted  i n  computing increments of membrane s t r a i n  
1291, 
Because of t h e  presence of geometric n o n l i n e a r i t y ,  t h e  e n t i r e  
elec,ent s t i f f n e s s  mat r ix  [ke]  i n  E q .  (20) must be reformed i n  
each loading s t e p ,  with c u r r e n t  s t r e s s  l e v e l s  and geomet:cy being 
used. I n  t h e  d i scuss ion  of the  development of t h e  e l a s t i c  s t i f f -  
ness  mat r ix ,  i t  was mentioned t h a t  the  only componenE mai~r izes  re -  
qui red  a r e  t h e  convent ional  s t i f f n e s s  ma t r i ces  ( those  n a t  dependent 
upon t h e  presence of s t r e s s )  and t h e  i n i t i a l  s t r e s s  s t i f f n e s s  matrix, 
The  P a t t e r  ma t r ix  accounts  f o r  the  change i n  bending s t i f f n e s s  due 
t o  the  presence of membrane loads .  I n  t h e  development o f  thsz i n i -  
t i a l  s t r e s s  s t i f f n e s s  mat r ix ,  t h e  membrane s t r e s s e s  taken i n t o  
account a r e  those  p resen t  a t  t h e  beginning of t h e  loading s t e p ,  any 
f u r t h e r  changes i n  these  s t r e s s e s  occurr ing  dur ing  the  loading s t e p  
being neglec ted  i n  t h a t  development, This  c o n s t i t u t e s  the  l i n e a r i z a -  
t i o n  of the  procedure dur ing  an increment of loading.  
Some i n v e s t i g a t o r s  ( see  [ 2 l ,  221) have ind ica ted  the  need f o r  
an a d d i t i o n a l  mat r ix ,  termed " the  i n i t i a l  displacementt '  matrix, fox 
t h e  t reatment  of geometric n o n l i n e a r i t y .  Because the  c u r r e n t  analy- 
s is  uses  a "moving" h c a l  coordina te  system, t h i s  a d d i t i o n a l  s t i f f -  
ness  ma t r ix  i s  n o t  r equ i red  (see  [24]  f o r  a more complete d i scuss ion  
s f  t h i s  p o i n t ) .  
For the  l a r g e  d e f l e c t i o n  e l a s t i c - p l a s t i c  a n a l y s i s ,  t h e  Load i s  
app l i ed  i n  small  increments from t h e  i n i t i a l  unloaded s t a t e ,  A t  
the  end of each increment,  new increments of d e f l e c t i o n ,  stress, 
s t r a i n ,  and p l a s t i c  s t r a i n  a r e  c a l c u l a t e d .  T o t a l  q u a n t i t i e s ,  such 
a s  the i n i t i a l  s t r e s s e s ,  a r e  c a l c u l a t e d  by us ing  appropr i a t e  t r a n s -  
formations,  and the  geometry of the  s t r u c t u r e  i s  updated. Again 
t h e  p l a s t i c  s t r a i n  increments used a r e  those c a l c u l a t e d  i n  the  pre-  
v ious  s t e p .  The t o t a l  s t i f f n e s s  mat r ix  i s  reformed a t  every i n -  
crement, t oge the r  w i t h  t h e  incremental  load v e c t o r ,  p l a s t i c  load 
v e c t o r ,  and r e s i d u a l  load vec to r .  The element contributi .ons are  
then assembled and the  system of l i n e a r  incremental  equat ions  i s  
aga in  solved and the  process  repea ted  u n t i l  t he  maximum s p e c i f i e d  
load i s  reached or  s t r u c t u r a l  f a i l u r e  occurs .  I f  t h e  response t o  
c y c l i c  loads i s  d e s i r e d ,  t he  load increment i s  reversed  a t  t h e  maxi- 
mum load ,  and the  incremental  process  i s  repea ted  u n t i l  the  new 
maximum (minimum) load i s  reached.  This  procedure i s  then repea ted  
f o r  a s  many load c y c l e s  a s  d e s i r e d .  
For t h e  l a r g e  d e f l e c t i o n  problem, the  most time-consuming f e a -  
t u r e  i s  t h e  reassembly of the  s t i f f n e s s  ma t r ix  and soluci.on of the 
l i n e a r  incremental  equat ions .  It becomes convenient ,  t h e r e f o r e ,  t o  
cons ider  the  p o s s i b i l i t y  of t r e a t i n g  t h e  l a r g e  d e f l e c t i o n  terms as 
w e l l  a s  the  p l a s t i c i t y  e f f e c t s  a s  e f f e c t i v e  loads .  This may be done 
by r e w r i t i n g  E q .  (19) a s  
w h e r e  t h e  product of the  i n i t i a l  s t r e s s  s t i f f n e s s  mat r ix  and t h e  
v e c t o r  of displacement increments of the  previous s t e p  i s  now 
treaced a s  an " e f f e c t i v e  geometric load . " T h e  s t i f f n e s s  mat r ix  
[kO: may be re-formed every M[ s t e p s  (M ) l ) ,  with the  poss i -  
bility of saving cons iderable  t ime. The use  of t h i s  s o l u t i o n  pro- 
cedure may lead  t o  numerical i n s t a b i l i t i e s  when the  n o n l i n e a r i t i e s  
beeo-ne l a r g e  [ 2 0 ] ,  although none were observed i n  the  l imi t ed  num- 
ber of  problems solved by the  a u t h o r s ,  The use of the  geometric 
terns  as e f f e c t i v e  loads  i s  n o t  new, and has been used i n  many 
kagrangian formulat ions w i t h  g r e a t  success  [ 2 0 ] .  
I f  l a r g e  d e f l e c t i o n  terms a r e  not  important ,  cons iderable  sim- 
p l i f i c a s i o n  r e s u l t s .  For the  problem of m a t e r i a l  n o n l i n e a r i t y  
a l o n e  i f  we cons ider  t h e  displacement method-predictor procedure,  
the sequence of computations followed i s  t o  c a l c u l a t e  t h e  value of 
the  load a t  wbich p l a s t i c  deformation f i r s t  occurs ,  From t h i s  
point, the  load i s  incremented t o  a  maximum va lue ,  with new i n -  
crements of displacement,  p l a s t i c  s t r a i n ,  and s t r e s s  c a l c u l a t e d  a t  
each s t e p  and t o t a l  va lues  obtained by summing incremental  va lues .  
T h e  p a a s t i c  s t r a i n  increments used i n  t h e  p l a s t i c  load vec to r  a r e  
those c a l c u l a t e d  from the  previous s t e p .  Because t h i s  i s  a  small  
d e f l e c t i o n  a n a l y s i s ,  t he  s t i f f n e s s  ma t r ix  need never be re-formed. 
The r e s i d u a l  f o r c e  vec to r  was no t  used i n  any of the  small  d e f l e c -  
tion problems presented although i t  could have been s o  used. A t  
t he  naximm load ,  a  new c r i t i c a l  load f o r  which y ie ld ing  begins i n  
t h e  r eve r se  d i r e c t i o n  i s  c a l c u l a t e d ,  based upon e l a s t i c  unloading 
t o  this po in t .  Procedures f o r  determining t h i s  load a r e  presented 
i n  Refs, 16 and 25 ,  This  c r i t i c a l  load may occur before  a l l  t h e  
load i s  removed from t h e  s t r u c t u r e  because of the  presence of 
r e s i d u a l  s t r e s s  and t h e  ex i s t ence  of the  Bauschinger e f f e c t .  A t  
this new c r i t i c a l  va lue ,  t h e  load i s  incremented t o  the  new spec i -  
f i e d  maximum (minimum) va lue ,  and t h i s  procedure i s  repea ted  f o r  
as  many ha l f  cyc le s  a s  d e s i r e d .  
3 ,  APPLICATIONS OF NONLINEAR METHODS 
The methods and procedures of the  previous s e c t i o n  have been 
a p p l i e d  t o  a  v a r i e t y  of problems during the  course of s e v e r a l  years  
s f  i n v e s t i g a t i o n  by the  au thor s .  Comparison between the  p r e d i c t o r  
procedure and the  d i r e c t  s u b s t i t u t i o n  procedure involv ing  p l a s t i c i t y  
alone i s  made and evaluated f o r  t h e  s t r a i n  method a s  app l i ed  t o  mem- 
brane s t r e s s  problems [ 2 5 ] ,  and f o r  the  displacement method f o r  
problems involving bending s t r e s s e s  [ l 6 ] .  A survey and thorough 
eva lua t ion  of procedures f o r  combined geometric and m a t e r i a l  non- 
l i n e a r i t y  i s  presented  i n  Ref.  36. 
The development of p r a c t i c a l  methods of t r e a t i n g  the  non l inea r  
response of s t r u c t u r e s  w i t h i n  t h e  framework of f in i t e -e l emen t  tech-  
niques has r equ i red  t h a t  t hey  be made a v a i l a b l e  on a  convenient  
b a s i s  t o  the  s t r u c t u r a l  des igner  and a n a l y s t .  This  requi-rernent 
has l ed  t o  the  development of a  comprehensive program that provides 
a  p r a c t i c a l  t o o l  f o r  the  des igner  and a n a l y s t .  A b r i e f  diescription 
of t h i s  program i s  presented  i n  t h e  next  s e c t i o n  and, i n  more de- 
t a i l ,  i n  a  companion r e p o r t .  To accomplish the  developrne~nt of such 
a  program r e q u i r e s  t h a t  t he  c a p a b i l i t i e s  and c a p a c i t y  be s u f f i c i e n t l y  
broad i n  scope t o  permit the  a n a l y s i s  of r e a l i s t i c  s t r u c t u r e s  and 
t h a t  c l o s e  a t t e n t i o n  be paid t o  e f f i c i e n c y ,  s o  t h a t  computations 
can be made economically.  
On the  b a s i s  of the  a u t h o r s P  experience we have founid that f o r  
p l a s t i c i t y  problems a lone ,  the  displacement method-predictor pro- 
cedure i s  t h e  most a t t r a c t i v e  i n  terms of g e n e r a l i t y  and ease of ap-  
p l i c a t i o n .  Furthermore, i t  i s  h ighly  competi t ive i n  terms of e f f i -  
c iency  and accuracy a s  compared wi th  va r ious  o t h e r  a lgori thms d i s -  
cussed i n  t h i s  r e p o r t .  Hence, i n  the  program developed in t h i s  s tudy 
and f o r  the  r e s u l t s  t o  be subsequent ly presented ,  t h i s  technique bas 
been used exc lus ive ly .  For problems involv ing  combined m a t e r i a l  
and geometric n o n l i n e a r i t y  t h e  p r e d i c t o r  procedure i s  used f o r  both 
geometric and m a t e r i a l  n o n l i n e a r i t y  u n t i l  the  geometric n o n l i n e a r i -  
t i e s  become ""lrge." From then on the  geometric non1inea:r i t ies  a r e  
included v i a  the  tangent  modulus approach whi le  the  m a t e r i a l  -nom- 
l i n e a r i t i e s  a r e  s t i l l  handled v i a  the  e f f e c t i v e  load technique,  
The equ i l ib r ium c o r r e c t i o n  term i s  used i n  each increment.  This  
procedure i s  e f f e c t i v e  [ 2 3 ]  al though no t  n e c e s s a r i l y  the rnost e f -  
f i c i e n t  [ M I .  
E l a s t i c - P l a s t i c  - Analysis of Representa t ive  Two and Three Dimensional 
S t r u c t u r e s  
Our b a s i c  philosophy of program organ iza t ion  f o r  matc?rial non- 
l i n e a r i t y  a lone ,  a s  presented  i n  t h e  n e x t  s e c t i o n ,  i s  t o  sepa ra t e  
c l a s s e s  of a n a l y s i s  i n t o  indiv iduz ,  groups,  wi th  each group def ined  
by t h e  phys ica l  problem t o  be solved.  For example, groups can be 
def ined  f o r  membrane s t r u c t u r e s ,  combined bending and mem't~rane 
s t r u c r u r e s ,  t h i c k  o r  t h i n  bodies  of r evo lu t ion ,  g e n e r a l  t h r e e  
dimensional s o l i d s ,  o r  laminated composites,  O n  t h e  b a s i s  of 
this concept ,  each group i s  i n  i t s e l f  an independent f in i t e -e l emen t  
computer program, w i t h  an a s s o c i a t e d  element l i b r a r y  t h a t  can be 
i n d i v i d u a l l y  loaded and used t o  so lve  the  problem c l a s s  of i n -  
terest, Irn t h i s  manner any s i m p l i f i c a t i o n  o r  s p e c i a l i z a t i o n  ger -  
mane t o  t h e  i n d i v i d u a l  a n a l y s i s  can  be incorpora ted .  
Each group can con ta in  subprograms comon t o  a l l  o t h e r  pro- 
gram groups a s  w e l l  a s  subprograms d i s t i n c t  t o  i t s  group a lone .  
Linkage t o  any i n d i v i d u a l  program group i s  made through an  execu- 
tive program t h a t  performs the  func t ion  of loading the  i n d i v i d u a l  
a n a l y s i s  programs, Data s e t  management and c o r e  a l l o c a t i o n  a r e  
handled by each of the  group programs, and l inkage  t o  any group 
can be made only through t h e  execut ive  r o u t i n e .  
Representa t ive  problems from each of the  i n d i v i d u a l  a n a l y s i s  
programs a r e  presented t o  demonstrate t h e  scope, accuracy,  and 
gene ra l  a d a p t a b i l i t y  of t h e  a n a l y s i s  techniques.  
Membrane S t r e s s  Analysis 
T h e  element l i b r a r y  f o r  t h i s  program con ta ins  the  fol lowing 
elements: 1 )  cons tan t  s t r a i n  t r i a n g l e ,  2 )  l i n e a r  s t r a i n  t r i a n g l e ,  
3) h;ybri'd t r i a n g l e s  l i n k i n g  the  c o n s t a n t  s t r a i n  and l i n e a r  s t r a i n  
i ~ r i a n g l e s ,  4) warped q u a d r i l a t e r a l  shear  panel  [371,  53 s t r i n g e r  
elements ,  and 6 )  a  beam element.  This  program i s  designed t o  be 
used for t he  a n a l y s i s  of a r b i t r a r i l y  shaped s t r u c t u r e s  ( s t i f f e n e d  
o r  u n s ~ i f f e n e d )  i n  which the  loads a r e  those  t h a t  gene ra te  p r i -  
m a r i l y  membrane s t r e s s e s .  
Uni 
- An i l l u s t r a t i o n  
of  the a p p l i c a t i o n  of the  membrane s t r e s s  program i s  t h a t  of a  uni -  
fo rmly  loaded s h e e t  with a  c e n t r a l  c rack .  The i d e a l i z a t i o n  of a  
quadrant of the  s h e e t ,  a s  shown i n  F i g .  3 ,  involves 455 elements ,  
219 ver tex  nodes, and 250 mid-side nodes,  r e s u l t i n g  i n  902 
degrees-of-freedom when symmetry boundary oondi t ions  a r e  app l i ed .  
A mixture of l i n e a r  s t r a i n  elements (used i n  t h e  r eg ion  surrounding 
t h e  c rack  t i p ) ,  t r a n s i t i o n  elements,  and cons tan t  s t r a i n  elements 
a r e  daed t o  make up t h e  network shown. 
Resu l t s  from the a n a l y s i s  i n  t h e  form of the  d i s t r i b u t i o n  
a long  t h e  h o r i z o n t a l  a x i s  of symmetry of the  s t r e s s  component i n  
t h e  d i r e c t i o n  of loading i s  shown i n  F i g .  4a.  R e s u l t s  from the  
f in i t e -e l emen t  a n a l y s i s  f o r  the  e l a s t i c  behavior compare favorably  
w i t h  a continuum s o l u t i o n  1381. Resu l t s  f o r  the  p l a s t i c  behavior 
a r e  shown f o r  two l e v e l s  of loading corresponding t o  s t r e s s  levels 
f o r  which the  gross  s e c t i o n  s t r e s s  (oo) i s  37.6 percent and 
75.3 percent  of the  y i e l d  s t r e s s  of the  m a t e r i a l .  The e f f e c t  
of p l a s t i c i t y  i n  decreas ing  the  s t r e s s  g rad ien t  i n  the vi.cini%y 
of t h e  c rack  t i p  i s  c l e a r l y  ev ident  from the  f i g u r e .  A l s o  shown 
a r e  t h e  r e s i d u a l  s t r e s s  d i s t r i b u t i o n s  t h a t  r e s u l t  from co~rnplete 
unloading from t h e  r e s p e c t i v e  maximum loads of 37.6 percent  and 
75.3 percent  of y i e l d  s t r e s s .  The r e s i d u a l  s t r e s s e s  i n  the 
v i c i n i t y  of t h e  c rack  t i p  a r e  s i g n i f i c a n t  and can be expected t o  
r ep resen t  an important f a c t o r  i n  determining the  f a t i g u e  life s f  
such s t r u c t u r e s .  
The displacement p r o f i l e  of one-half of the  c rack  i s  shown i n  
F ig .  4b. Once aga in ,  a  comparison of the  f in i t e -e l emen t  r e s u l t s ,  
assuming e l a s t i c  behavior  compares favorably  w i t h  t h e  continuum 
s o l u t i o n .  The r e s u l t s  from the  f in i t e -e l emen t  a n a l y s i s  f o r  load- 
i ng  i n  t h e  p l a s t i c  range i n d i c a t e  t h a t  t he  displacement p r o f i l e  is 
v i r t u a l l y  unchanged from the  e l a s t i c  p r o f i l e .  This  i s  a t t r i h ~ t e d  
t o  the  f a c t  t h a t  p l a s t i c i t y  i s  l o c a l i z e d  t o  a  r a t h e r  small  region 
around t h e  c r a c k  t i p .  That i s ,  f o r  monotonically inc reas ing  loads, 
the  l o c a l i z e d  r eg ion  of p l a s t i c i r y  does n o t  apprec iably  affect the 
d e f l e c t i o n  p r o f i l e  t o  the  e x t e n t  t h a t  i t  in f luences  the  sLress  d i s -  
t r i b u t i o n  i n  the  v i c i n i t y  of t h e  c rack  t i p .  However, because of 
t he  development of a  p l a s t i c  zone t h e r e  i s  a  r e s i d u a l  dislslacernent 
p r o f i l e  a long t h e  e n t i r e  c rack  length  a s  shown i n  F ig .  4b, This  
p r o f i l e  has a  "dog-boneq' type p a t t e r n ,  i . e . ,  t h e  maximum opening 
occurs  near  the  c rack  t i p  and becomes uniform toward t h e  center of 
the  c rack .  
The propagat ion of the  p l a s t i c  zone i n  t h e  uniformly loaded 
s h e e t  with a  c e n t r a l  c r a c k  i s  shown i n  F ig .  5a f o r  monotonicaL1y 
inc reas ing  loading and i n  F ig .  5b f o r  unloading from the  anaxirnum 
load .  The zones a r e  determined by drawing a  curve througl-e t h e  
c e n t r o i d  of those elements t h a t  a r e  p l a s t i c  a t  t h e  corresponding 
load .  A s  shown i n  F ig .  5b, p r i o r  t o  t h e  removal of a l l  the  Ismd 
(ao/oyie ld  = 0.345) a  compressive p l a s t i c  zone develops i n  c h e  
reg ion  of the  c rack  t i p .  The p l a s t i c  zone t h a t  remains upon c h e  
complete removal of the  loads  i s  a l s o  shown i n  t h i s  figure., 
Addi t iona l  problems, t y p i c a l  of t h e  type t h a t  can be t r e a t e d  
by t h i s  module of the  program, have been presented i n  previous 
pub l i ca t ions  by the  au thors  ( i . e . ,  11, 16, and 251, Although not 
i l l u s t r a t e d  here ,  the  c u r r e n t  c a p a b i l i t y  inc ludes  the  treatnzent 
of gene ra l  out-of-plane s t i f f e n e d  and u n s t i f f e n e d  s t ruc ta l r e s ,  
Bending and Membrane S t r e s s  Analysis 
This  module of the  comprehensive program i s  t o  be used f o r  
the genera l  a n a l y s i s  of s t r u c t u r e s  i n  which bending and membrane 
s t r e s s e s  a r e  generated.  I t s  f i n i t e  element l i b r a r y  c o n s i s t s  of 
flat t r i a n g u l a r  bending [ 3 9 ]  and membrane elements,  and a  genera l  
beam element t o  r e p r e s e n t  s t i f f e n e r s .  
A wide range of a p p l i c a t i o n s  of pro to types  of t h i s  program 
appear i n  s e v e r a l  of the  a u t h o r P  s previous pub l i ca t ions  (i.e., 
13,  16 ,  and 40) .  The problems considered t o  d a t e  inc lude  i n i -  
t i a l l y  f l a t  r e c t a n g u l a r ,  c i r c u l a r ,  and annular  p l a t e s  subjec ted  
to loads causing bending a lone  and combined bending and membrane 
s t r e s s  s t a t e s .  The c u r r e n t  c a p a b i l i t y  inc ludes  the  t rea tment  of 
gene ra l  out-of-plane s t i f f e n e d  and u n s t i f f e n e d  s t r u c t u r e s .  
e t r i c  Analysis  of Bodies of Revolution 
T h e  element l i b r a r y  f o r  t h i s  program c o n s i s t s  of a  revolved 
triangle [ 4 l ]  f o r  gene ra l  t h i c k  walled bodies  of r e v o l u t i o n ,  an 
i sspararne t r ic  s h e l l  element [23,  421, and a  r i n g  element [43 ] .  
. The problem of a  f u l l  sphere subjec ted  t o  a  
" ~ c s s ~ ~ ~ ~ o a d i n ~  i s  used t o  i l l u s t r a t e  t h e  accuracy of t h e  e l a s t i c  
s o l u t i o n  obtained by us ing  t h e  revolved t r i a n g l e s  o r  the  s h e l l  e l e -  
ment, An i d e a l i z a t i o n  of a  quadrant  of the  sphere ,  a s  shown i n  
F ig .  6 ,  c o n s i s t s  of 153 t r i a n g u l a r  elements,  95 nodes, r e s u l t i n g  
i n  183 degrees-of-freedom when symmetry boundary cond i t ions  a r e  
a p p l i e d .  An i d e a l i z a t i o n  us ing  t h e  s h e l l  element c o n s i s t s  of 
15 elements,  16 nodes and r e s u l t s  i n  60 degrees-of-freedom. The 
meri.diortal segments shown i n  F i g .  6 r ep resen t  t h e  mer id ional  lengths  
of the  s h e l l  elements.  
k comparison of r e s u l t s  f o r  the  r a d i a l  displacement d i s t r i b u -  
tion versus  the  meridional  d i r e c t i o n  i s  shown i n  F ig .  7 .  The r e -  
s u l t s  from the  two sepa ra t e  f in i t e -e l emen t  s o l u t i o n s  a r e  compared 
w i t h  an e l a s t i c i t y  s o l u t i o n  [44] .  The c o r r e l a t i o n  of r e s u l t s  be- 
tween t he  t h r e e  s o l u t i o n s  i s  q u i t e  good, with a  maximum divergence 
occurr ing a t ,  and i n  the  neighborhood o f ,  the  apex. A s i m i l a r  
c o r r e l a t i o n  e x i s t s  when a comparison i s  made f o r  the  circumferen- 
tial s t r e s s  versus  the  meridional  d i r e c t i o n ,  a s  shown i n  F ig .  8 "  
Thick Tube Under Uniform I n t e r n a l  Pressure .  The e l a s t i c -  
i d e a l l y  p l a s t i c  behavior  of an i n t e r n a l l y  loaded c i r c u l a r  tube was 
considered t o  be a  r e p r e s e n t a t i v e  t e s t  of t h e  accuracy of t h e  non- 
l i n e a r  a n a l y s i s  us ing  the  t r i a n g u l a r  elements.  Resu l t s  from t h e  
f in i t e -e l emen t  a n a l y s i s  a r e  compared t o  the  r e s u l t s  from a s o l u -  
t i o n  obtained i n  Ref.  45, and shown i n  F i g s .  9-11, For t h i s  par-  
t i c u l a r  c a s e ,  t he  r a t i o  of t h e  o u t e r  t o  i n n e r  r a d i u s  equa .1~  2 ,  
The e x t e r n a l  r a d i a l  displacement and r a d i u s  of t h e  e1ast i .c-pl .as t ic  
boundary versus  t h e  i n t e r n a l  p res su re  p  a r e  p l o t t e d  i n  Fig, 9 .  
The comparison of r e s u l t s  between t h e  two s o l u t i o n s  i s  gclod foir 
t h e  e n t i r e  range of loading  cons idered .  The r e s u l t i n g  r a d i a l  and 
c i r c u m f e r e n t i a l  s t r e s s  d i s t r i b u t i o n s  f o r  va r ious  p o s i t i o n s  of the 
e l a s t i c - p l a s t i c  boundary a r e  shown i n  F i g s .  10 and 11. The c o r r e -  
l a t i o n  with t h e  r e s u l t s  of Ref. 45 i s  aga in  seen t o  be quite good, 
d e s p i t e  a  discont inuous d i s t r i b u t i o n  of c i r c u m f e r e n t i a l  s t r e s s  a t  
t h e  e l a s t i c - p l a s t i c  boundary a s  shown i n  F ig .  11. It should be 
noted t h a t  t h e  s t r e s s e s  p l o t t e d  r e p r e s e n t  t h e  "averagenn s t s t r s  a t  
a  node; t h a t  i s  t h e  average va lue  of the  s t r e s s e s  i n  a l l  those 
on t o  a  node. 
Sheet  wi th  an Oversized Fas tene r .  Another i l 1 u s t r a r : i m  of the  
use of t h i s  module of t h e  program cons ide r s  t h e  r e s i d u a l  s t r e s s  
f i e l d  surrounding a  hole  i n  a  s h e e t  i n t o  which an overs ized  f a s t e n e r  
has been d r iven .  A s  shown i n  F ig  12, t h e  "head" of t h e  f a s t e n e r ,  
which must be d r iven  through t h e  hole ,  i s  tapered  t o  a  mztximum 
diameter  D l ,  wi th t h e  shank stepped down t o  a  d i a m e t e r ,  D2. Re- 
s u l t s  f o r  the  r e s i d u a l  c i r c u m f e r e n t i a l  and r a d i a l  s t r e s s  d i s t r i b u -  
let a r e  t i o n  along a  r a d i a l  l i n e  on t h e  ou te r  s u r f a c e s  of t h e  shc. 
shown i n  the  f i g u r e  f o r  t h r e e  cases  of prescr ibed  i n t e r f e r e n c e ,  
Dl-2a. These s t r e s s e s  apply wi th  t h e  f a s t e n e r  shank i n  the  h o l e ,  
Linear  s t r a i n  hardening m a t e r i a l  behavior i s  assumed f o r  the s h e e t  
m a t e r i a l  i n  the  p l a s t i c  range.  It i s  s i g n i f i c a n t  t o  no te  t h e  smal l  
i nc rease  i n  favorable  compressive r e s i d u a l  s t r e s s  a t  t h e  edge of 
t h e  ho le  a s  compared t o  t h e  s u b s t a n t i a l  i nc rease  i n  t e n s l l e  s t r e s s e s  
a t  some d i s t a n c e  from the  edge. For t h e  case  involv ing  the  l a r g e s t  
i n t e r f e r e n c e ,  t h e  l e v e l  of t h i s  t e n s i l e  s t r e s s  was found t o  be un- 
acceptable  from both f a t i g u e  and s t r e s s  co r ros ion  cons ide ra t ions .  
T o r i s p h e r i c a l  S h e l l .  The accuracy of the  s h e l l  element,  used 
i n  t h i s  module of the  PLANS program, i s  demonstrated i n  FLef, 42 in 
t h e  form of an ex tens ive  number of a p p l i c a t i o n s  and comparisons 
w i t h  e x i s t i n g  s o l u t i o n s .  An a p p l i c a t i o n  of the  use of t h i s  element 
f o r  a  p l a s t i c  a n a l y s i s  i s  presented  i n  F i g .  13 where the  load versus  
apex d e f l e c t i o n  f o r  a  t o r i s p h e r i c a l  s h e l l  under uniform internal 
pressu re  i s  presented f o r  va r ious  load increments,  and a comparison 
i s  aade w i t h  t h e  r e s u l t s  obtained i n  Ref.  46 where e l a s t i c - p e r f e c t l y  
plastic behavior was assumed. The r e s u l t s  from Ref.  46 were obtained 
by using load increments of 1.03 x  l o4  hl/m2, and a r e  v i r t u a l l y  
identical w i t h  those of the  p resen t  a n a l y s i s ,  where a  load i n c r e -  
ment of 2.76 x  l o 3  N/m2 was used.  As seen i n  the  f i g u r e ,  ha lv ing  
t h i s  load increment produces a  s i g n i f i c a n t  change i n  the  r e s u l t s  
only a t  a load above the  t h e o r e t i c a l  c o l l a p s e  load p red ic t ed  by 
l i m i t  a n a l y s i s  [ 4 7 ] .  The use  of the  i n i t i a l  s t r a i n  method, wherein 
t h e  p l a s t i c  behavior i s  accounted f o r  by an " e f f e c t i v e  p l a s t i c  
load" v e c t o r ,  r e q u i r e s  smal le r  load increments than a  tangent  
modulus method [ l 6 ] .  However, increment s i z e  a lone  i s  n o t  t h e  
s o l e  c r i t e r i o n  governing the  e f f i c i e n c y  of one method versus  
ano the r ,  The i n c r e a s e  i n  computing time a s s o c i a t e d  wi th  t h e  use  
sf smal le r  increments i n  t h e  i n i t i a l  s t r a i n  method i s  o f f s e t  by 
the f a c t  t h a t  t h e  s t i f f n e s s  ma t r ix  need never  be reformed a f t e r  
t h e  f i r s t  s t e p .  Addi t iona l  evidence t h a t  i n d i c a t e s  t h a t  t h e  i n i -  
t i a l  s t r a i n  procedure i s  compet i t ive  from t h e  s t andpo in t  of com- 
puter time requirements  i s  presented  i n  Ref.  48. 
F igure  14 shows t h e  load versus  apex d e f l e c t i o n  curve f o r  the  
same s h e l l  f o r  one f u l l  c y c l e  of loading .  The load i s  va r i ed  be- 
tween amplitudes of k80 p s i  (k5.52 x  105 N/m2) and back t o  zero .  
It i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  d e f l e c t i o n s ,  moments, e t c . ,  ob- 
t a i n e d  by unloading from t h e  maximum load and subsequent loading 
t o  -80 p s i  (-5.52 x  105 ~ / m ~ )  a r e  v i r t u a l l y  the  same a s  those 
that would be obtained simply by loading  monotonically t o  -80 p s i  
(-5-52 x l o 5  ~ / m ~ )  from t h e  i n i t i a l  s t a t e .  It i s  conjec tured  t h a t  
t h i s  occurs a s  a  combined r e s u l t  of assuming e l a s t i c - p e r f e c t l y  
plastic behavior ,  n e g l e c t i n g  t h e  e f f e c t s  of geometric n o n l i n e a r i t y ,  
and t h e  f a c t  t h a t  t he  same m a t e r i a l  p r o p e r t i e s  were assumed t o  
e x i s t  i n  reversed  loading.  Moreover, t h e  va lues  of r e s i d u a l  s t r e s s ,  
s t r a i n ,  and d e f l e c t i o n  obtained a t  t h e  end of one f u l l  c y c l e  a r e  
virtually the  negat ives  of those va lues  obtained by unloading t o  
zero  load from the  maximum load.  
S i.m 
- . To i n v e s t i g a t e  t h e  g e n e r a l i t y  
of t hese  r e s u l t s ,  a  d i f f e r e n t  s t r u c t u r e ,  a  simply supported c i r c u l a r  
p l a t e  sub jec ted  t o  a  uniform p ressu re  app l i ed  c e n t r a l l y  over a  c i r -  
c u l a r  a r e a  with r a d i u s  0.0718 of the  p l a t e  r a d i u s ,  was cycled 
t h r o u g h  va r ious  load ranges .  Again, e l a s t i c - p e r f e c t l y  p l a s t i c  be- 
havior  was considered.  The m a t e r i a l  p r o p e r t i e s  assumed were E = 
10.5 x 106 p s i  (7.24 x 101° N/m2), v = 0.33, a. = 4000 p s i  
(2,76 x 107 N/m2) . The r a d i u s  of t h e  p l a t e  was 2.61 i n  (6.63 x 
10~4 rn) , and the  th i ckness  was 0  -2615 in .  (6.64 x  10- j  rn) . The 
load ranges considered were f2000 p s i  (1.38 x  l o 7  N/m2), f3000 p s i  
(2 , . oa1 :10~  IV/m2), f3500 p s i  ( 2 . 4 1 ~ 1 0 7  hl/m2), and k4000 p s i  (2.76 x 
~ / m ~ )  . The r e s u l t s  a r e  presented  i n  F ig .  15. I n  a l l  ca ses  
except  t h e  l a s t ,  t he  displacements ,  moments, e t c . ,  a t  t he  m a x i m u m  
negat ive  load obtained by unloading from the  maximum p o s i t i v e  load 
a r e  the  same a s  would be obtained merely by loadiag  monotonically 
t o  the  maximum negat ive  load from the  v i r g i n  s t a t e .  For t h e  l a s t  
case  [+4000 p s i  (12.76 x  l o 7  N/m2) load  range]  t h e  load i n c r e -  
ments used during reversed  loading a r e  too  l a r g e  from the  scand- 
p o i n t  of accuracy,  and consequently,  the  p l a s t i c  s t r a i n s  conputed 
a r e  smal le r  than those  t h a t  a c t u a l l y  occur [4000 p s i  (2,76 x 
l o 7  N/m2) i s  n  a r  t h e  t h e o r e t i c a l  c o l l a p s e  load of 42E10 psi 
(2.95 x  107 N/m5) f o r  t h i s  s t r u c t u r e ] .  These cases  tend t o  c o r -  
robora te  t h e  hypothesis  t h a t  f o r  e l a s t i c - i d e a l l y  p l a s t i c  m a t e r i a l  
one need only cons ider  one-half cyc le  of loading t o  ob ta in  informa- 
t i o n  concerning fu  11 c y c l e  behavior  when the  e f f e c t s  of georihe t r i c  
n o n l i n e a r i t y  a r e  ignored.  
. A s t r a i n  hardening problem i s  con- 
s ide red  next .  A uniformly loaded clamped c i r c u l a r  p l a t e  was 
cycled  between +560 p s i  (k3.86 x  l o 6  ~ / m ~ ) .  The same problem 
was considered f o r  monotonic loading up t o  560 p s i  (%,86 x 
106 ~ / m ~ )  i n  Ref. 49, and t h e  r e s u l t s  f o r  t h i s  range a r e  con- 
pared.  Exce l l en t  agreement up t o  the  maximum load was achieved 
(see  F i g .  16) , The d i sc repanc ies  a t  t h i s  load may be a t k r i b u t e d  
t o  t h e  use of d i f f e r e n t  p l a s t i c i t y  t h e o r i e s  (kinematic versus  iso- 
t r o p i c  hardening) and t h e  d i f f i c u l t y  i n  reproducing the  s t ress-  
s t r a i n  d a t a  from Ref.  49.  Furthermore, t h e  load-de f l ec t ion  curve 
does e x h i b i t  a l l  of the  c h a r a c t e r i s t i c s  of s t r a i n  hardening be- 
hav io r .  The abso lu te  magnitude of t h e  c e n t e r  d e f l e c t i o n  a t  t h e  
maximum nega t ive  load i s  l a r g e r  than t h a t  developed a t  t he  maxi- 
mum p o s i t i v e  load ,  and t h e  f u l l  c y c l e  r e s i d u a l  d e f l e c t i o n s  a r e  
t r i p l e  those of t h e  ha l f  c y c l e .  
S t i f f e n e d  Shallow Spher i ca l  S h e l l .  Resu l t s  f o r  a u n i f o r m l y  
loaded shallow s p h e r i c a l  s h e l l  w i t h  a  s t i f f e n e d  c i r c u l a r  hole  a t  
t h e  apex a r e  presented nex t .  This  problem demonstrates the  bene- 
f i c i a l  e f f e c t s  of a  s t i f f e n i n g  r i n g  on t h e  e l a s t i c - p l a s t i c  behavior 
of a s h e l l ,  although f o r  t h i s  p a r t i c u l a r  problem i t  i s  seen t h a t  
Large d e f l e c t i o n  terms a r e  a l s o  important  and should be inc luded,  
The p e r t i n e n t  geometric and m a t e r i a l  parameters de f in ing  t h e  prob- 
hem a r e  shown i n  F i g s .  17 and 18. The r a t i o  of t h e  hole  r a d i u s  t o  
s h e l l  base plane r a d i u s  (b /a)  i s  0 .1,  and e l a s t i c - p e r f e c t l y  
p l a s t i c  m a t e r i a l  behavior was assumed f o r  the  s h e l l ,  
F igure  17a shows the  normal displacement versus  t h e  applied 
pressu re  a t  t h e  r i n g  hole  i n t e r f a c e  and a t  an i n t e r i o r  po in t  ap-  
proximately halfway between the  hole  and the  o u t e r  edge bovndary 
f o r  an u n s t i f f e n e d  hole  and one w i t h  a  s t i f f  r i n g .  A s  seen from 
F i g ,  17a t h e r e  i s  a  s u b s t a n t i a l  d i f f e r e n c e  between the  d i sp lace -  
ment a t  t h e  hole  boundary f o r  the  case  of an u n s t i f f e n e d  and f o r  
t h a t  of a s t i f f e n e d  hole .  I n  f a c t ,  a t  t h e  c o l l a p s e  load the  d i s -  
placement f o r  the  s t i f f e n e d  hole  changes s i g n  and i s  i n  the  d i -  
r e c t i o n  oppos i te  t o  t h a t  of the  app l i ed  uniform p ressu re .  I n  e f -  
f e c t ,  the  r eg ion  i n  the v i c i n i t y  of the  hole  moves a s  a  r i g i d  body 
a s  the displacements i n  t h e  i n t e r i o r  become unbounded, This  i s  
due to t h e  r e s t r a i n i n g  e f f e c t  of the  r i n g  i n  prevent ing t h e  hole  
circumference from c o n t r a c t i n g .  Since the  e f f e c t  of t h e  hole  i s  
l o c a l i z e d ,  the  displacements  i n  t h e  i n t e r i o r  (F ig ,  P7b) f o r  t h e  
s t i f f e n e d  and u n s t i f f e n e d  case  a r e  i n d i s t i n g u i s h a b l e .  A s  i n d i -  
c a t e d ,  sudden c o l l a p s e  of the  s h e l l  i s  evidenced a t  q a 4 / ~ t 4  2 15000. 
This  occurs  when the  e n t i r e  c r o s s  s e c t i o n  i n  a  s u b s t a n t i a l  p o r t i o n  
of t h e  i n t e r i o r  i s  p l a s t i c  f o r  both cases  cons idered .  However, 
s i n c e  the  r i n g  c a r r i e s  a  p o r t i o n  of the  load,  t h e r e  i s  a wholly 
e l a s t i c  s e c t i o n  between the  hole  boundary and completely p l a s t i c  
i n t e r i o r  c r o s s  s e c t i o n  a t  c o l l a p s e .  This c o n t r a s t s  wi th  t h e  un- 
s t i f f e n e d  case ,  f o r  which the  wholly p l a s t i c  c r o s s  s e c t i o n s  begin 
a t  t h e  hoke boundary and propagate towards the  i n t e r i o r  wi th  i n -  
c r e a s i n g  load .  
Figures  l8a  and b  show the  d i s t r i b u t i o n  of c i r c u m f e r e n t i a l  
s t r e s s  r e s u l t a n t  a t  t h e  y i e l d  load and a t  an in te rmedia te  load i n  
t h e  p l a s t i c  range.  As expected (Fig.  18a) ,  t h e  peak value f o r  t h e  
uns t i f f ened  hole  i s  a t  t he  hole  boundary. A s  t h e  reg ion  of p l a s -  
t i c i t y  expands, t h i s  peak va lue  moves toward the  i n t e r i o r  and i s  
loca ted  approximately a t  t h e  e l a s t i c - p l a s t i c  boundary. F igure  l8b  
shows r e s u l t s  a t  t h e  same two loads  f o r  the  s t i f f e n e d  hole .  It can 
be seen t h a t  t he  s t i f f  r i n g  s u b s t a n t i a l l y  reduces the  s t r e s s  r e -  
s u l t a n t  a t  t h e  hole  boundary. 
Analysis s f  Three Dimensional Bodies 
The i soparametr ic  hexahedra fami ly  of elements presented  i n  
Ref ,  50 r e p r e s e n t s  the  element l i b r a r y  f o r  t h i s  program. 
End-Loaded Rectangular  Prism. Resu l t s  f o r  t h e  l o n g i t u d i n a l  
and t r ansve r se  s t r e s s  d i s t r i b u t i o n s  i n  a  r ec t angu la r  prism sub- 
j e c t e d  t o  prescr ibed  end f o r c e s ,  shown i n  F i g s .  l 9a  and b ,  a r e  
used t o  demonstrate t h e  accuracy of t h i s  element f o r  e l a s t i c  be- 
h a v i o r ,  The i d e a l i z a t i o n  used t o  r e p r e s e n t  a  quadrant  of t h e  
prism con.s i s t s  of 128 members and 225 nodes and r e s u l t e d  i n  
560 degrees-of-freedom when the  simple 8-node l i n e a r  d i sp lace -  
ment f i e l d  element was used throughout t h e  i d e a l i z a t i o n .  The r e -  
s u l t s  a r e  compared with a  t h r e e  dimensional e l a s t i c i t y  s o l u t i o n  
presented  i n  Ref. 51. A s  seen from these  f i g u r e s  t h e  co : r re la t ion  
i s  q u i t e  good although i t  should be noted t h a t  t he  e l a s t i c i t y  so lu -  
t i o n  corresponds t o  p o i n t s  a long the  x-axis  wi th  y  = 13 and 
z = 0 ,  whereas the  r e s u l t s  from t h e  f in i t e -e l emen t  a n a l y s i s  a r e  
p l o t t e d  a t  p o i n t s  corresponding t o  the  c e n t r o i d  of those ele~rnents 
ad jacen t  t o  t h e  axes of symmetry. 
. The e l a s t i c  s t r e s s  
d i s t r i b u t i o n  i n  a  laminated f i b r o u s  composite i s  s tud ied  by means 
of the  t h r e e  dimensional f i n i  te-element- module of the  PLANS pro- 
gram. O f  i n t e r e s t  a r e  t h e  normal and shea r  s t r e s s  components i n  
the  in t e r l amina r  r eg ion ,  which cannot  be p red ic t ed  by us ing  c l a s s i -  
c a l  p l a t e  theory .  The in f luence  of in t e r l amina r  deformation on the  
delaminat ion and gene ra l  f a i l u r e  of laminates  i s  c u r r e n t l y  under 
i n v e s t i g a t i o n .  
The s t r e s s  d i s t r i b u t i o n  i n  each l a y e r  of a  boron-aluminum 
laminate  with a  s e t r i c  [90/90/0/0Is layup i s  shown in F i g .  20.  
The in t e r l amina r  normal (a,) and shea r  ( T ~ ~ )  s t r e s s e s  are seen 
t o  be s i g n i f i c a n t  only i n  t h e  v i c i n i t y  of t h e  f r e e  edges,  This  
e f f e c t  was noted i n  s e v e r a l  previous s t u d i e s ,  and i t  has been shown 
t h a t  t h e  i n t e r l a m i n a r  s t r e s s e s  decay beyond a  d i s t a n c e  t h a t  i s  of 
t h e  o rde r  of t h e  th i ckness  of the  laminate .  
For t h e  layup and loading cons idered ,  t h e  in t e r l amina r  normal 
s t r e s s  i s  a  favorable  compressive s t r e s s  tending t o  r e t a r d  delamina- 
t i o n .  A r e v e r s a l  i n  app l i ed  s t r e s s  o r  layup ( e . g . ,  hO/O/90 /90 Is )  
would r e s u l t  i n  an unfavorable  t e n s i l e  normal s t r e s s .  
I n f i n i t e  P l a t e  Containing a  C i r c u l a r  Hole. The c l a s s i c a l  
problem of an i n f i n i t e  p l a t e  con ta in ing  a  c i r c u l a r  hole  i s  chosen 
t o  demonstrate t h e  use  of the  t h r e e  dimensional element f o r  a 
problem involv ing  m a t e r i a l  n o n l i n e a r i t y .  The th ickness- to-bole  
diameter  r a t i o  was taken a s  0.75 s o  t h a t  a  plane s t r e s s  arialysrhs 
would no t  be v a l i d  [ 5 2 ] .  The f in i t e -e l emen t  model c o n s i s t e d  of 
four  l a y e r s  of eight-node hexahedra elements t o  r e p r e s e n t  the  
ha l f - th i ckness ,  with each l a y e r  c o n s i s t f n g  of s i x t y  elements ,  
Resu l t s  of t h i s  a n a l y s i s  a r e  shown i n  F ig .  2 1  f o r  t h e  varia- 
t i o n  of c i r c u m f e r e n t i a l  s t r e s s  08, along the  a x i s  of sFnnetry 
perpendicular  t o  the  load a t  t h e  maximum e l a s t i c  load .  The elas- 
t i c  d i s t r i b u t i o n  along t h e  middle and upper su r faces  coalpares 
q u i t e  favorably  with publ ished r e s u l t s  [ 5 2 ] .  The va lues  of s t r e s s ,  
obtained from the  f in i t e -e l emen t  a n a l y s i s ,  a t  t he  edge of the bole 
a r e  obtained by e x t r a p o l a t i o n ,  s i n c e  c e n t r o i d a l  s t r e s s e s  are used 
e x c l u s i v e l y  i n  t h i s  a n a l y s i s .  
T h e  dashed curve i n  F i g .  21  r e p r e s e n t s , t h e  d i s t r i b u t i o n  of 
a0 a t  almost twice the  maximum e l a s t i c  load ,  f o r  e l a s t i c - p e r f e c t l y  
p l a s t i c  behavior ,  and r e v e a l s  a  s u b s t a n t i a l  r educ t ion  i n  peaking of 
the  s t r e s s  f i e l d  i n  the  v i c i n i t y  of the  hole .  Although t h e  p l a t e  
yields i n i t i a l l y  a t  t h e  middle s u r f a c e ,  the  e l a s t i c - p l a s t i c  boundary 
quickly propagates through t h e  th i ckness  and t h e r e a f t e r  fol lows a 
p a t t e r n  t h a t  i s  s i m i l a r  t o  t h e  behavior  a s s o c i a t e d  w i t h  a  plane 
s t r e s s  s t a t e .  
Plane Stress Analysis of Laminated Composites 
A f in i t e -e l emen t  t o  model the in t e r l amina r  behavior of mul t i -  
layered f i b r o u s  composites under plane s t r e s s  loadings has previous ly  
been presented and d iscussed  [53 ,54] .  The i d e a l i z e d  model s e p a r a t e s  
t h e  ~aembrane and in t e r l amina r  p r o p e r t i e s  of a  laminated composite by 
us ing  a l t e r n a t i n g  o r t h o t r o p i c  f ibe r -bea r ing  segments, which a r e  a s -  
sumed t o  remain e l a s t i c  throughout t h e  e n t i r e  load h i s t o r y ,  and i s o -  
t r o p i c ,  e k a s t i c - p l a s t i c  shea r  segments. The cons tan t  s t r e s s  t r i a n g l e  
i s  used t o  r e p r e s e n t  t h e  o r t h o t r o p i c  segments t h a t  c a r r y  in-p lane  
s t r e s s e s  only ;  t he  shear  segments c a r r y  only  in t e r l amina r  shea r  
s t r e s s e s ,  and a r e  i n  a  s t a t e  of pure shea r .  
Results f o r  s e v e r a l  sample problems a r e  presented  and d iscussed  
i n  d e t a i l  i n  Ref.  54. One such problem involves  a  f l a t  panel  w i t h  
a circular c u t o u t ,  loaded along two oppos i te  edges.  The dimensions 
of  the  panel  were chosen such t h a t  t h e  s t r e s s  f i e l d  around t h e  c u t -  
o u t  ts not  inf luenced  by t h e  e x t e r n a l  boundaries .  A t y p i c a l  i d e a l i z a -  
t i o n  i s  shown i n  F i g .  22, which c o n t a i n s  223 members and 138 nodes,  
k fine network of elements a r e  used around t h e  edge of the  hole  
s i n c e  the  in t e r l amina r  r eg ion  i n  which the  s t r e s s  f i e l d s  d iverge  
Erom she c l a s s i c a l  p l a t e  s o l u t i o n  comprises a narrow region  a long 
the  s t r e s s  f r e e  edge of t h e  laminate .  The in t e r l amina r  shea r  s t r e s s  
d i s t r i b u t i o n  around t h e  edge of t h e  hole  i s  shown i n  F i g ,  23 a t  t h e  
m a x i m u m  e l a s t i c  load ( o o / ~ y i ~ ~ ~  = 2-95] , maximum and minimum loads  
i n  t h e  p l a s t i c  range ( o ~ / T ~ ~ ~ ~ ~  = '7.371, and a t  a  load c o r r e -  
sponding t o  complete u n l o a d ~ n g  from t h e  minimum load .  A s  i n d i c a t e d  
i n  the f i g u r e ,  high r e s i d u a l  shea r  s t r e s s e s  occur f o r  8 < 4 5 " ,  and 
relatively low r e s i d u a l  shear  s t r e s s e s  occur f o r  8 > 4 5 " ,  
Georne t r i c  
-- 
Cir l cu la r  P l a t e s  
T h e  c a p a b i l i t y  of t r e a t i n g  geometric n o n l i n e a r i t y  and combined 
geometric and m a t e r i a l  n o n l i n e a r i t y  has been developed under the  
presen t  c o n t r a c t  f o r  axisymmetric s h e l l  s t r u c t u r e s .  The a n a l y s i s  
uses  the  s h e l l  element r epor t ed  i n  Ref. 42, and a  p r e s e n t a t i o n  of 
the  a p p l i c a t i o n  of the  element f o r  combined non l inea r  a n a l y s i s  i s  
presented i n  Ref.  23. The accuracy of the  procedure f o r  geometric 
n o n l i n e a r i t y  i n  the  case  of pure ly  e l a s t i c  behavior i s  demonscrated 
i n  F igs .  24 and 25 where a  comparison of r e s u l t s  obtained from the  
p resen t  a n a l y s i s  i s  made wi th  those obtained i n  Ref.  55 f o r  a 
clamped, uniformly loaded, e l a s t i c  c i r c u l a r  p l a t e .  Poisson ' s  r a t i o  
was chosen t o  be 0.3.  F igure  24 i s  a  p l o t  of c e n t r a l  d e f l e c t i o n  
versus  load,  and F i g .  25 i s  a  p l o t  of bending and membrane stresses 
a t  the  c e n t e r  and edge versus  d e f l e c t i o n .  For t h e  increment size 
chosen, e x c e l l e n t  agreement was obtained between the  s o l u t i o n  pre-  
sented  i n  Ref.  55 and csur numerical r e s u l t s .  
I n  t h e  p resen t  i n v e s t i g a t i o n ,  r e s u l t s  f o r  t h i s  problem were 
obtained by us ing  both t h e  " tangent  modulus" method and the  "e f fec -  
t i ve"  load method f o r  t h e  same increment s i z e .  For t h e  h t t e r  case, 
t h e  s t i f f n e s s  ma t r ix  was re-formed every f i v e  increments ,  No equi-  
l i b r ium c o r r e c t i o n  term was included f o r  e i t h e r  method f o r  t h i s  
problem. The d e f l e c t i o n s  and bending s t r e s s e s  i n  both cases  were 
i d e n t i c a l ,  while  s l i g h t l y  sma l l e r  membrane s t r e s s e s  were predicted 
by the  e f f e c t i v e  load method. Of most s i g n i f i c a n c e  was t h e  r e -  
duct ion  i n  GPU time from 386.28 seconds f o r  t h e  tangent  maduLus 
method t o  202.08 seconds f o r  t h e  e f f e c t i v e  load method, an ap-  
proximately 47 percent  t ime savings a t  no apprec iab le  l o s s  i n  
accuracy. S imi la r  t ime savings of from 40 t o  50 percent  were 
noted f o r  o the r  problems. 
Spher i ca l  Cap 
Figure  26 i l l u s t r a t e s  t h e  need f o r  the  equ i l ib r ium correction 
term i n  problems involv ing  a  high degree of n o n l i n e a r i t y ,  An exact 
l oad -de f l ec t ion  curve obta ined  from Ref.  28, based upon r e s u l t s  
presented  i n  Ref. 56, i s  shown f o r  an e l a s t i c ,  clamped s p h e r i c a l  
cap loaded by a c e n t r a l  concent ra ted  load.  Also shown a r e  r e s u l t s  
obtained from t h e  c u r r e n t  ana l y s i s  us ing  a  s t r a i g h t  incremental  ap- 
proach w i t h  l / 8  l b  (0 -56  N) increments and an incremental-pl-us- 
equ i l ib r ium c o r r e c t i o n  s o l u t i o n  us ing  1 Ib (4.45 N) increments, 
The r e s u l t s  obtained i n  t h e  cur ren t  a n a l y s i s  a r e  v i r t u a l l y  identical 
( f o r  both incremental  and ineremental-with-equilibrium c o r r e c t i o n  
s o l u t i o n s )  t o  t h e  numerical r e s u l t s  given i n  Ref.  20, 
2orr'::._r-ec Mate r i a l  and Geometric Nonl inear i ty  
--.-.- 
C i r c u l a r  P l a t e  
F igure  27a shows a  load versus  c e n t r a l  d e f l e c t i o n  p l o t  f o r  a  
c e n t r a l l y  loaded, simply-supported p l a t e  with a  diameter- to-  
th ickness  r a t i o  of 40.6. The numerical r e s u l t s  a r e  compared w i t h  
t e s t  d a t a  obtained from t h e  experimental  program descr ibed  i n  
Ref .  23 .  Shown a r e  the  l i n e a r  e l a s t i c ,  non l inea r  e l a s t i c ,  e l a s t i c -  
p l a s t i c  and combined non l inea r  p r e d i c t i o n s  us ing  the  tangent  modulus 
approach with t h e  incremental  and incremental-with-equi l ibr ium cor-  
r e c t i o n  s o l u t i o n  procedures .  Although f o r  these  combined problems 
the  equi l ibr ium c o r r e c t i o n  a f f o r d s  a  cons iderable  improvement over 
the  incremental  approach, without  equi l ibr ium c o r r e c t i o n ,  a  more 
ex tens ive  i t e r a t i o n  scheme i s  probably needed t o  c l o s e  the  t h e o r e t i c a l -  
experimental  gap. I n  F i g s .  27b and 27c t h e  r a d i a l  d i s t r i b u t i o n  of 
c i r c ~ ~ m f e r e n t i a l  s t r a i n  a t  t h e  lower and upper s u r f a c e s ,  r e s p e c t i v e l y ,  
f o r  t h i s  p l a t e  i s  i l l u s t r a t e d  f o r  s e v e r a l  load l e v e l s  and compared 
w i t h  theory .  Despi te  t h e  only fair- to-good c o r r e l a t i o n  of the  d i s -  
placement d a t a  a t  high loads ,  e x c e l l e n t  c o r r e l a t i o n  w i t h  experiment 
f o r  t h e  s t r a i n s  i s  noted, except ,  as might be a n t i c i p a t e d ,  d i r e c t l y  
under the loading rod f o r  higher  loads .  The discrepancy a t  t h i s  
po in t  might be the  r e s u l t  of l o c a l  shear  and p e n e t r a t i o n  e f f e c t s .  
Spherica E Cap 
Willtinson and Ful ton  [ 5 7 ]  have presented r e s u l t s  f o r  the  
e l a s l ~ o - p l a s t i c  buckl ing of  uniformly loaded shallow s p h e r i c a l  caps 
w i t h  both simple and clamped suppor t  a t  t h e  edges.  Seve ra l  compari- 
son t e s t  cases  were chosen t o  v e r i f y  t h e i r  r e s u l t s  and determine 
the p resen t  program's a b i l i t y  t o  p r e d i c t  buckl ing loads  of such 
s t r u c t u r e s .  The cases  run were f o r  a = 0.1 ,  f3 = 0.002, and 
A = 4 and 5.5 f o r  the  clamped cap ,  and A = 4 f o r  the  simply- 
supported cap.  Here a i s  t h e  r a t i o  of tangent  modulus t o  Young's 
modulus, f3 i s  t h e  r a t i o  of y i e l d  s t r e s s  t o  Ypung'sslmodulus, and A 
i s  t he  geometric s h e l l  parameter 2 [3 (1  - v 2 ) ] ~ ( H / h ) ~ ,  with v be- 
ing  ~ o i s s o n ' s  r a t i o ,  H t h e  maximum s h e l l  r i s e ,  and h the  s h e l l  
t h i ckness .  A s  can be seen from F i g .  28 ,  e x c e l l e n t  agreement f o r  
these  cases  was obtained.  The buckling p res su res  a r e  3 percent  
higher  than those  p red ic t ed  by t h e  a n a l y s i s  of Ref.  57. The r e s u l t s  
from the previous a n a l y s i s  a r e  probably more accura te  than  those ob- 
t a ined  here ,  s i n c e  the  p resen t  a n a l y s i s  makes no a t tempt  t o  r e f i n e  
t h e  load increment s i z e  i n  t h e  v i c i n i t y  of the  c r i t i c a l  load.  The 
tangent  modulus method was used t o  account f o r  t h e  e f f e c t s  of geo- 
rnetrkc n o n l i n e a r i t y .  
Cycl ic  Loading of Simply-Supported C i r c u l a r  P l a t e  
Resu l t s  i n  the  form of load versus  c e n t r a l  d e f l e c t i o n  of a 
simply-supported, c e n t r a l l y  loaded mild s t e e l  c i r c u l a r  p l a t e  a r e  
shown i n  F ig .  29 .  These r e s u l t s  involve a  h i s t o r y  of loading t o  
a  maximum load i n  the  p l a s t i c  range and then tbe removal of the 
load.  A comparison wi th  t h e  experimental  d a t a  presented  i n  R e f ,  58 
i n d i c a t e s  t h a t  t h e  f in i t e -e l emen t  r e s u l t s  p r e d i c t  l a r g e r  d i sp lace -  
ments than those  obtained exper imenta l ly .  This  may be p a r t i a l l y  
explained by t h e  f a c t  t h a t  no information (except  t h e  y i e l d  s t r e s s )  
was a v a i l a b l e  i n  Ref. 58 concerning the  s t r a i n  hardening proper- 
t i e s  of the  m a t e r i a l  used i n  the  experiment.  The f in i t e -e l emen t  
a n a l y s i s  was performed by assuming e l a s t i c - i d e a l l y  p l a s t i c  13e- 
hav io r ,  which i s  a  good r e p r e s e n t a t i o n  of the  s t r e s s - s t r a i n  be- 
havior  f o r  mild s t e e l  f o r  s t r a i n s  l e s s  than 2 pe rcen t .  'The 
l a r g e r  displacement p r e d i c t i o n  from a n a l y s i s  i s  c o n s i s t e n t  w i t h  
t h i s  assumption. When the  s t r a i n s  i n  the  p l a t e  become l a r g e r  than 
2 pe rcen t ,  mild s t e e l  experiences s t r a i n  hardening. Indeed a t  
loads above 15,000 l b  (46 " 7 3  x l G - '  IJ) ; tit . - h e o r k t i c a l l y  pre-  
d i c t e d  s t r a i n s  exceed 2 percent  i n  a  cons ide rab le  reg ion  of t h e  
p l a t e ,  and divergence of t h e  r e s u l t s  occurs .  A s  a  consequence of 
t h e  ove rp red ic t ion  of the  mximum displacement ,  t h e  r e s i d u a l  dis- 
placement p red ic t ed  by the  a n a l y s i s  i s  cons iderably  g r e a t e r  chan 
t h a t  exper imenta l ly  observed. However, t he  gene ra l  shape of the 
l oad -de f l ec t ion  curve upon unloading p a r a l l e l s  the  experimental  
curve.  
Ring-St iffened Cylinder  
The c i r c u l a r  c y l i n d e r  i s  a  s t r u c t u r a l  component t h a t  i s  cur- 
r e n t l y  under cons ide ra t ion  a s  an energy-absorbing device  t o  improve 
the  crashworthiness  of small  land and a i r  v e h i c l e s .  A reasonably 
accura te  p r e d i c t i o n  of the  load-deformation behavior of t h i s  de- 
v i c e  i s  r equ i red  t o  eva lua te  i t s  e f f i c i e n c y  a s  compared t o  o the r  
devices  of a s i m i l a r  kind.  Toward t h i s  goa l  the  pro to type  program 
was used t o  desc r ibe  t h e  e l a s t i c - p l a s t i c ,  l a r g e  def lectialn behavior 
of  a  simply-supported r i n g - s t i f f e n e d  c i r c u l a r  c y l i n d e r  shown i n  
F ig .  30. 
Resu l t s  f o r  the  a x i a l  displacement versus  a x i a l  s t r e s s  r e s u l t a n t  
(Fig.  30a) and the  r a d i a l  displacement (Fig.  30b) a r e  sholwn f o r  e l a s -  
t i c  and e l a s t i c - i d e a l l y - p l a s t i c ,  l a r g e  d e f l e c t i o n  behavior ,  The 
r i n g s  (EA 5 106 l b s  = 4.45 x l o 6  N)  remain e l a s t i c  throughout t h e  
e n t i r e  load h i s t o r y ,  b u t  the  in f luence  of m a t e r i a l  n o n l i n a r i t y  i n  the  
c y l i n d e r  s i g n i f i c a n t l y  in f luences  i t s  behavior and decreases  i t s  
buckl ing load.  From t h e  r e s u l t s  f o r  the  r a d i a l  displacements ,  i t  i s  
apparent  t h a t  t h e  r i n g s  have a  n e g l i g i b l e  in f luence  on tk~e  behavior 
of t h i s  c y l i n d e r .  To v e r i f y  t h i s  conclus ion ,  the  problem was r e -  
analyzed ( e l a s t i c  and e l a s t i c - p l a s t i c )  f o r  the  u n s t i f f e n e d  c y l i n d e r ,  
and it was found t h a t  t h e  removal of the  r i n g s  had v i r t u a l l y  no e f -  
f e c t  on t h e  buckling load o r  mode shape. 
Uns t i f fened  C i r c u l a r  Cyl inders  
Resu l t s  f o r  t h e  end-load ve r sus  end-def lec t ion  f o r  a  clamped 
c i r c u l a r  c y l i n d e r  f a b r i c a t e d  from 6061-0 aluminum a l l o y  a r e  p r e -  
sented i n  Fig. 31a. They i n d i c a t e  a  buckl ing load of about 
1500 Lb/in. (280 x l o3  ~ / m )  o r  39,800 pounds (177 x lo3  N) 
t o t a l  load f o r  t h i s  s t r u c t u r e .  This  compares q u i t e  favorably  
w i t h  experimental ly  determined buckl ing loads of 35,650 pounds 
(159 x lo3 N) (two specimens) and 41,250 pounds (183 x 103 N) 
(one specimen) obtained a t  N A s ~ j ~ a n g l e y .  I n  t h e  course of the  
analysis, i t  was found t h a t  t h e  buckl ing load i s  extremely de- 
pendent on an accura te  de terminat ion  of t h e  m a t e r i a l  p r o p e r t i e s ,  
A Ramberg-Osgood t h r e e  parameter r e p r e s e n t a t i o n  of t h e  s t r e s s -  
strain curve f o r  6861-0 aluminum a l l o y  was used f o r  the  a n a l y s i s ,  
l e e , ,  
n - l  
2 We C ~ D S Q B  E a s  l o 7  p s i  (6.9 x 101° N / m  ) ,  oO* = 5050 p s i  
(3.5 x 107 lV/m2), and n = 4 8 .  A p ropor t iona l  l i m i t  (opl) 
of 4300 p s i  (2.97 x 107 N/m2) was used. These p r o p e r t i e s  were 
derived from d a t a  obtained from the  Mate r i a l s  S e l e c t o r  Handbook 
and v e r i f i e d  by t e s t s  performed i n  t h e  Grumman Research Department 
Applied Mechanics Laboratory. P e r t i n e n t  geometric d a t a  f o r  the  
cl.anped c i r c u l a r  c y l i n d e r  a r e  given i n  F i g s .  31a and b .  Calcula-  
tions were then performed, using t h e  same conf igura t ion  and mate- 
rial p r o p e r t i e s ,  b u t  with simple suppor ts  a t  t h e  ends t o  determine 
the e f f e c t  of edge r e s t r a i n t  on t h e  buckl ing load of t h i s  c y l i n d e r .  
A s  antisl:ipated, t he  r educ t ion  i n  buckl ing load r e s u l t i n g  from t h e  
change ]in edge r e s t r a i n t  was extremely small  and v i r t u a l l y  n e g l i -  
gible ( see  F ig .  3 l a ) .  
Figure 31b shows the r a d i a l  d e f l e c t i o n  p r o f i l e  versus  a x i a l  
length f o r  the  champed and simply-supported c y l i n d e r s  a t  end-loads 
of 1.050 l b j i n .  (184 x l o3  N/m) and 1575 l b / i n .  (276 x ~ / m ) ,  
which i s  i m e d i a t e l y  be fo re  buckl ing.  The i n i t i a l  buckl ing pro- 
f i l e s  a re  q u i t e  ev iden t ,  wi th  t h e  wavelength of the  simply-supported 
cy l inde r  being smal le r  than t h a t  of the  clamped c y l i n d e r ,  and t h e  
maximubn displacement amplitude of t h e  simply-supported s h e l l  ap- 
proximately l+ t imes t h a t  of the  clamped c y l i n d e r  a t  t h i s  load ,  
indicetive of the  s l i g h t l y  lower c r i t i c a l  load  f o r  s h e  simply- 
s - u ~ c - t - t c d  cylinder . 3 5 
Clamped Truncated C i r c u l a r  Cone 
A cl.amped t runca ted  c i r c u l a r  cone was then analyzed i n  an i n i -  
t i a l  e f f o r t  t o  determine what q u a l i t a t i v e  and q u a n t i t a t i v e  bene- 
f i c i a l  e f f e c t s  t ape r ing  the  s i d e s  might in t roduce  i n t o  the  energy 
absorpt ion  c a p a c i t y  of a  v e h i c l e .  The f i r s t  cone chosen had t he  
dimensions of one specimen of the  t e s t  program a t  Langley. It, 
t oo ,  was f a b r i c a t e d  from 6061-0 aluminum a l l o y  and i t s  dimensions 
a r e  presented i n  F i g s .  32a and b ,  The cone ang le ,  a ,  i s  17-09 de- 
g rees .  The c r i t i c a l  load f o r  t h i s  s t r u c t u r e  was c a l c u l a t e d  t o  be 
42,575 pounds (189 x  l o3  N), corresponding t o  an a x i a l  stress r e -  
s u l t a n t  app l i ed  a t  t h e  l a r g e r  end of 670 l b / i n .  (117 x 103 Y / r n ) .  
This  r e p r e s e n t s  an inc rease  of almost 7 percent  over t h e  cai-= 
c u l a t e d  c r i t i c a l  load f o r  the  clamped c i r c u l a r  c y l i n d e r  ~ i r e v i o u s l g  
analyzed,  The cone has the  same th i ckness  and a x i a l  leng,th s s  the 
c y l i n d e r  and i t s  smal le r  diameter  i s  equal  t o  t h e  diarnecer of t h e  
c y l i n d e r .  F igure  32a shows an app l i ed  load versus  end-def lec t ion  
curve f o r  t h i s  s t r u c t u r e ,  and F i g .  32b p resen t s  a  normal d i sp lace -  
ment p r o f i l e  versus  a x i a l  d i s t ance  f o r  loads of 420 I b / i n ,  ( 7 4  x 
l o 3  N/m) , and 660 l b / i n .  (116 x  lo3  N/m) (i. e  . , immeeia t e l y  p r e -  
ceding buckl ing) .  It can be seen t h a t  t h e  s t r u c t u r e  buck;les at t h e  
smal le r  diameter end. 
Seve ra l  a d d i t i o n a l  a n a l y t i c a l  cases  have been consiciered because 
t he  experimental  buckl ing loads obtained f o r  the  cone with a == 17' 
were cons iderably  lower than those obtained a n a l y t i c a l l y  assuming 
clamped edges.  It was observed dur ing  the  experiment t h a t ,  ae the 
smal l  diameter end, t h e  edges '\curled" a s  t h e  load inc reased .  in- 
d i c a t i n g  t h a t  clamped edge cond i t ions  a r e  no t  j u s t i f i a b l e .  To  d e t e r -  
mine the  e x t e n t  of the  e f f e c t  of edge r e s t r a i n t s ,  t h e  same cone was 
a n a l y t i c a l l y  buckled w i t h  t h e  small  diameter end simply suppsrsed and 
f r e e  ( a x i a l l y  r e s t r a i n e d  w i t h  no r a d i a l  f o r c e  o r  bending moment aL- 
lowed). The c r i t i c a l  load f o r  the  simply supported case  was slightly 
lower than f o r  the  clamped case  and was equal  t o  38,800 Ibs (172-7 x 
103 N ) .  For t h e  l e f t  end f r e e ,  the buckl ing load was d r a s t i c a l l y  r e -  
duced from 42,575 l b s  (189 x  lo3  N 3 ,  f o r  t h e  clamped c a s e  to 
13,000 l b s  (57.9 x  I O 3  N) , a  69.4 percent  change. (See F i g ,  32a 
f o r  load-end d e f l e c t i o n  curves f o r  t h e  simply supported and free end 
c a s e s . )  The experimental ly  observed a c t u a l  load of 25,000 Ibs 
(111 x  103 N) l i e s  between t h e  two extremes of edge r e s t r a i n t  repre- 
sented  by simple suppor ts  and a  f r e e  edge, thus i n d i c a t i n g  ehe i m -  
por tance of a c c u r a t e l y  reproducing the  r e s t r a i n t  cond i t ions  f o r  t h e  
p l a s  t i c  buckl ing a n a l y s i s  of c o n i c a l  s h e l l s .  
4 .  PROG DEFINITION 
A s  mentioned i n  Sec t ion  1, the  computer program PZANS f o r  t h e  
PLast ic  ANalysis of S t r u c t u r e s  i s  organized a s  shown i n  F ig .  2b,  
The b a s i c  philosophy of program organ iza t ion  i s  t o  sepa ra t e  c l a s s e s  
of a n a l y s i s  i n t o  i n d i v i d u a l  groups,  w i t h  each group def ined  by the  
phys ica l  problem t o  be solved.  For example, a s  ind ica ted  i n  t h e  
f i g u r e ,  groups can be def ined  f o r  membrane s t r e s s e d  s t r u c t u r e s  
(P'Um) , combined bending and membrane s t r e s s e d  s t r u c t u r e s  (BEND), 
bodies of r evo lu t ion  (REVBY), t h r e e  dimensional s o l i d s  (-%XI, and 
membrane s t r e s s e d  laminated composites (COMPEL). O n  t h e  b a s i s  of 
t h i s  concept,  each group i s  i n  i t s e l f  an independent f in i t e -e l emen t  
computer program, w i t h  an a s s o c i a t e d  element l i b r a r y ,  t h a t  can be 
i n d i v i d u a l l y  loaded and used t o  so lve  the  problem c l a s s  of i n t e r e s t .  
In  t h i s  manner any s i m p l i f i c a t i o n  or  s p e c i a l i z a t i o n  germane t o  t h e  
i n d i v i d u a l  a n a l y s i s  can be incorpora ted ,  Each group can con ta in  
subprograms common t o  a l l  o the r  program groups a s  w e l l  a s  subpro- 
grams d i s t i n c t  t o  i t s  group. Linkage t o  any i n d i v i d u a l  program 
group i s  made through an execut ive  program ind ica ted  i n  t h e  f i g u r e .  
As shown, l inkage  t o  any program group can be made only through 
t h i s  execut ive  r o u t i n e  with no h o r i z o n t a l  l inkage between group 
programs, 
A b r i e f  d i scuss ion  of the  s i g n i f i c a n t  f e a t u r e s  of s e v e r a l  
componentrs of the  program fo l lows.  A more d e t a i l e d  d i scuss ion  
i s  presented i n  a s e p a r a t e  r e p o r t .  
Execut ive Program 
T h e  execut ive  program performs the  func t ion  of loading the  
i n d i v i d u a l  a n a l y s i s  programs. Data s e t  management and co re  a l -  
l o c a t i o n  a r e  handled by each of these  programs. The system al lows 
a user t o  s t o r e  many program decks on a magnetic t ape  o r  d i r e c t  
access  volume, and t o  use  these  programs convenient ly .  During a 
s i n g l e  computer run ,  t he  u s e r  may c a l l  fore a ""Sleet-Load-Go" p o -  
cedure t o  execute  r o u t i n e s  i n  a previous ly  c r e a t e d  o b j e c t  f i l e ,  o r  
he may i s s u e  a s e r i e s  of eas i ly - l ea rned  commands t o  change t h e  o l d  
source f i l e ,  thereby genera t ing  new source ,  index,  and o b j e c t  f i l e s  
incorpora t ing  t h e  d e s i r e d  changes. These new f i l e s  can then be 
made a v a i l a b l e  f o r  a "Select-Load-Go" a s  p a r t  of t h e  same run.  
The execut ive  system comprises t h r e e  s e p a r a t e  c o l l e c t i o n s  of 
subprograms t o  accomplish t h i s .  These a r e :  
@ A source update program t o  allow a use r  t o  
s e l e c t i v e l y  e d i t  and campile a new source 
program. 
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@ An o b j e c t  update program t h a t  maintains  up- 
dated f i l e s  of compiled source programs. 
A f i l e  s e l e c t  program t h a t  s e l e c t i v e l y  loads 
programs from t h e  o b j e c t  f i l e  f o r  execut ion ,  
While the  f i l e  s e l e c t  program can accep t  commands to l oad  i n -  
d i v i d u a l  programs, i t  can a l s o  load groups of programs by simply 
supplying a  group name t h a t  has been previous ly  def ined .  In add i -  
t i o n ,  each group d e f i n i t i o n  may conta in  o ther  group names in its 
d e f i n i t i o n .  This  f e a t u r e  i s  p a r t i c u l a r l y  meaningful for our pur -  
poses s i n c e  each program i n  F ig .  2b n a t u r a l l y  d e f i n e s  a group, and 
programs common t o  a l l  groups (such a s  t h e  s o l u t i o n  package) a re  
n a t u r a l l y  subgroups. Thus, a s  shown i n  F i g .  2b, groups can be s e t  
up corresponding t o  PUm, BEND, HEX, e t c , ,  and subgroups can be 
s e t  up de f in ing ,  f o r  example, t h e  s o l u t i o n  package. 
Thus, t h e  c a p a b i l i t y  t o  maintain source and o b j e c t  f i l e s  and 
s e l e c t i v e l y  load programs by groups i s  the  most s i g n i f i c a n t  f e a t u r e  
of  the  execut ive  program. I n  a d d i t i o n ,  t h i s  system w i l l  have the 
a b i l i t y  t o  update f i l e s  by r e read ing  complete groups and i s  able t o  
d e f i n e  new groups a s  a d d i t i o n a l  programs a r e  added t o  t h e  PL.(WS 
system. 
F igure  33a i s  a  g ross  schematic r e p r e s e n t a t i o n  of the f low of 
each of the  a n a l y s i s  programs. A s  shown i n  the  f i g u r e ,  each module 
bas t h r e e  components: a  main c a l l i n g  r o u t i n e  ( E I A H M ) ;  and e l a s t i c  
a n a l y s i s  group (ELAS); and t h e  p l a s t i c  a n a l y s i s  group (P:US), A 
b r i e f  d e s c r i p t i o n  of these  components fo l lows.  
Main Program 
Each i n d i v i d u a l  computer program de f in ing  a  group is e o n t r o l l e d  
by a  main c a l l i n g  program. This  program s e t s  up core  a l l o c a t i o n  for 
p r i n c i p a l  a r r a y s  and t h e  d a t a  s e t  s p e c i f i c a t i o n s  f o r  auxiliary 
s to rage .  It then t r a n s f e r s  c o n t r o l  t o  subrout ine  E M S .  EIMS i s  a 
f in i t e -e l emen t  e l a s t i c  a n a l y s i s  program t h a t  performs the  e L I a s k i c  
a n a l y s i s  and c a l c u l a t e s  t h e  i n i t i a l  y i e l d  load ,  Cont ro l  i s  then 
t r a n s f e r r e d  back t o  t h e  main program, which c a l l s  Subroutine P U S  
only i f  reques ted .  P U S  manages t h e  p l a s t i c  a n a l y s i s  and main- 
t a i n s  c o n t r o l  of t h e  a n a l y s i s  u n t i l  t he  complete p l a s t i c  a n a l y s i s  
i s  performed. A t  t h i s  p o i n t  c o n t r o l  i s  t r a n s f e r r e d  t o  the imin 
program e i t h e r  t o  te rminate  the  job o r  c a l l  E U S  aga in  t o  work 
another problem. By s o  organizing t h e  program i t  should be poss i -  
ble w i t h  a  minimum amount of changes t o  use PLAS w i t h  o t h e r  a v a i l -  
able f in i t e -e l emen t  e l a s t i c  a n a l y s i s  programs. 
F igure  33b- shows a block diagram of the  computat ional  flow of 
ELAS. :Chis program i s  a  s p e c i a l  purpose f in i t e -e l emen t  program f o r  
t h e  e l a s t i c  a n a l y s i s  of s t r u c t u r e s .  Accordingly, i t s  f i r s t  maj or  
task is t o  read  a l l  i n p u t s .  The inpu t  i s  read  i n  f u n c t i o n a l  groups 
a s  folPows : 
e Problem t i t l e .  
@ Nodal coord ina te s  and c o n t r o l  v a r i a b l e s ,  
Member topology desc r ib ing  connec t iv i ty .  
@ Nodal boundary cond i t ions .  S ing le  and mul t i -  
p o i n t  c o n s t r a i n t s  on t h e  displacements a r e  
s p e c i f i e d  i n  a d d i t i o n  t o  f i x e d  o r  f r e e  condi- 
t i o n s .  
8 Load vec to r  - inc ludes  the  c o n s i s t e n t  member 
load  vec to r  f o r  a  d i s t r i b u t e d  load.  
@ H a t e r i a l  p r o p e r t i e s  - t a b l e s  of e l a s t i c  and 
p l a s t i c  m a t e r i a l  p r o p e r t i e s  and member 
geometric p r o p e r t i e s  a r e  s e t  up along w i t h  
a p p l i c a b l e  members. Complete g e n e r a l i t y  has 
been maintained s o  t h a t  o r t h o t r o p i c  m a t e r i a l  
behavior  can be s p e c i f i e d .  
Other v a r i a b l e s  c o n t r o l l i n g  output  a r e  a l s o  s p e c i f i e d .  The i n p u t  
scheme has been w r i t t e n  s o  a s  t o  minimize t h e  amount of ca rd  
handl ing f o r  any problem. 
The nex t  s t e p  i s  t o  form a l l  element s t i f f n e s s ,  s t r e s s ,  and 
initial s t r a i n  s t i f f n e s s  ma t r i ces .  This  r o u t i n e  a l s o  p laces  the  
elements of the  s t i f f n e s s  ma t r ix  along wi th  t h e i r  p o s i t i o n  i n  
the t o t a l  s t i f f n e s s  ma t r ix  on an a u x i l i a r y  s to rage  device .  
The t o t a l  s t i f f n e s s  ma t r ix  and load vec to r  a r e  assembled by 
s e q u e n t i a l l y  reading  t h i s  information,  s t ack ing  t h a t  p o r t i o n  of 
the  s t i f . f n e s s  ma t r ix  t h a t  f i t s  i n  co re ,  and then r ead ing  i t  onto 
an aux i l : i a ry  s t o r a g e  device .  This  process  i s  repea ted  u n t i l  t he  
e n t i r e  load v e c t o r  and s t i f f n e s s  ma t r ix  have been formed. 
A t  t h i s  po in t  it i s  appropr i a t e  t o  mention t h a t  our basic de- 
s i g n  philosophy i s  t o  make a l t e r a t i o n s ,  perform c e r t a i n  ma t r ix  
m u l t i p l i c a t i o n s ,  account f o r  boundary cond i t ions  on the  element 
l e v e l ,  and then t o  assemble these  q u a n t i t i e s  i n t o  t o t a l  a r r a y s ,  
I n  t h i s  manner we need n o t  make use of a  ma t r ix  l i n t e rp re t~ ive  sys-  
tem t o  manipulate l a r g e  ma t r i ces .  
With t h e  t o t a l  s t i f f n e s s  ma t r ix  and load vec to r  asserrbled, t h e  
next  s t e p  i s  t o  so lve  f o r  displacements .  Two s o l u t i o n  packages 
a r e  c u r r e n t l y  being used f o r  t h i s  purpose,  both based on the Cbslesky 
f a c t o r i z a t i o n  method . Thei r  d i f f e r e n c e s  a r e  based on t h e  system 
used t o  s t o r e  the  s t i f f n e s s  mat r ix .  PIRATE i s  based on p a r t i t i o n -  
i n g  t h e  s t r u c t u r e  so  t h a t  t h e  s t i f f n e s s  ma t r ix  i s  e x p l i c i t l y  i n  
block t r i d i a g o n a l  form. The second r o u t i n e ,  PODSm, i s  based ex- 
p l i c i t l y  on the banded na tu re  of the  s t i f f n e s s  mat r ix ,  s o  t h a t  on ly  
elements wi th in  the  lower t r i a n g l e  t h a t  l i e  between the  semiband- 
width need be assembled. I n  a d d i t i o n ,  t h i s  r o u t i n e  '$acksB' t h e  
rows of the  s t i f f n e s s  ma t r ix  before  w r i t i n g  it on a u x i l i a r y  storage 
by suppressing a l l  consecut ive  zeros .  
The u n i t  load s t r e s s e s  a r e  c a l c u l a t e d  next  from d i s p l a c e ~ ~ ~ e n t s ,  
These s t r e s s e s  a r e  used t o  c a l c u l a t e  the  i n i t i a l  y i e l d  load, and 
t h i s  y i e l d  load i s  used t o  s c a l e  the  displacements and t o  c a L e u l a t e  
y i e l d  load s t r e s s e s  and s t r a i n s .  Cont ro l  i s  then r e tu rned  to the  
main program. 
Subrout ine PUS 
Figure  33c shows a  block diagram of the  computational f low of 
Subroutine PUS.  This  program supervises  the  e n t i r e  p l a s t i c  ana ly-  
s i s  a f t e r  i n i t i a l  processing has been c a r r i e d  ou t  by ELAS, The 
p r i n c i p a l  information t h a t  must be communicated t o  P U S  is: 
@ F a c t o r e d s t i f f n e s s m a t r i x a n d u n i t l o a d v e e t o r  
@ Element s t r e s s  and i n i t i a l  s t r a i n  mat r ices  
@ I n i t i a l  y i e l d  load 
o P l a s t i c  m a t e r i a l  p r o p e r t i e s .  
With t h i s  information,  t he  r o u t i n e  increments the  load and 
checks the  y i e l d  cond i t ion  f o r  each member. Members t h a t  were pre- 
v i o u s l y  p l a s t i c  a r e  a l s o  checked a g a i n s t  an unloading c r i t e r i o n ,  
The e f f e c t i v e  p l a s t i c  load v e c t o r  i s  then formed a s  t h e  product 
of t h e  member" i n i t i a l  s t r a i n  ma t r i ces  and the  p l a s t i c  s t r a i n s  and 
added t o  the  vec to r  of app l i ed  load .  This  combined load vec to r  i s  
then used a s  the  r i g h t  hand s i d e  of the  ma t r ix  equat ion t o  c a l c u l a t e  
nodal dj"sp1acements. It should be noted t h a t ,  a t  t h i s  p o i n t ,  t h e  
s t i f f n e s s  mat r ix  has been f ac to red  s o  t h a t  t he  s o l u t i o n  involves  
on ly  the m u l t i p l i c a t i o n  necessary  t o  perform the  forward and back- 
ward sollution. 
I n  t h e  next  s t e p ,  a  subrout ine  i s  c a l l e d  t h a t  imp1e:nents the  
plastic c o n s t i t u t i v e  r e l a t i o n s .  This  segment of code, c a l c u l a t e s  
incremerits of t o t a l  s t r a i n ,  s t r e s s ,  and p l a s t i c  s t r a i n  ( s h i f t  i n  
the yiel-d su r face  when kinematic hardening i s  used) f o r  each member 
from the increments of displacement ,  and sums the  r e s u l t s  wi th  
t o t a l  q u a n t i t i e s  c a l c u l a t e d  previous ly .  
Af ter  c o n t r o l  i s  r e tu rned  from the  above subrout ine  a  t e s t  i s  
made to  see  i f  t he  maximum s p e c i f i e d  load has been reached. I f  n o t ,  
t he  load i s  incremented and t h e  s t e p s  d iscussed  above a r e  repea ted .  
When the maximum load i s  reached, the  f i n a l  e f f e c t i v e  p l a s t i c  
load vec to r  i s  formed and displacements c a l c u l a t e d  w i t h  t he  app l i ed  
load  vec to r  s e t  equal  t o  zero .  S t r e s s e s  and s t r a i n s  a r e  c a l c u l a t e d  
on t h e  b a s i s  of these  displacements .  I f  subsequent y i e l d i n g  occurs  
i n  the reversed  c y c l e  a t  a  load t h a t  i s  oppos i te  i n  s i g n  t o  the  load 
previous ly  completed, then these  s t r e s s e s  and s t r a i n s  r e p r e s e n t  
r e s i d u a l  q u a n t i t i e s .  This  i s  checked nex t  by computing a  new y i e l d  
l o a d ,  This  c a l c u l a t i o n  involves the  s o l u t i o n  of a  quadra t i c  equa- 
t i o n  for each member. One r o o t  of t h i s  s o l u t i o n  r e p r e s e n t s  t h e  
previous ly  reached maximum load and the  o the r  t h e  new y i e l d  load i n  
the reversed  d i r e c t i o n .  This  load l e v e l  i s  used a s  a  s t a r t i n g  
p o i n t  f o r  the  next  cyc le  of loading.  
A t  t h i s  po in t , a  check i s  made t o  see  i f  another  c y c l e  of load- 
ing i s  d e s i r e d .  I f  n o t ,  c o n t r o l  i s  r e tu rned  t o  the  main program. 
If an a d d i t i o n a l  c y c l e  of loading i s  s p e c i f i e d ,  new p l a s t i c  mate- 
r i a l  parameters can be r ead  a s  inpu t  and i n s e r t e d  i n t o  the  m a t e r i a l  
property t a b l e s .  This  i s  followed by the  formation of the  e f f e c -  
t i v e  p l a s t i c  load vec to r .  This  load vec to r  i s  then added t o  the  
load v e c t o r ,  and the  sum i s  used t o  so lve  f o r  the  new c r i t i c a l  load 
displacements and the  corresponding s t r e s s e s  and s t r a i n s .  T rans fe r  
i s  t h e n  made t o  the  beginning of PLAS i n  order  t o  increment the  
load and proceed a s  descr ibed  above. 
ktative Time Requirements- 
T h e  c o s t  involved i n  obta in ing  an e l a s t i c  s o l ~ t i o n  t o  a  par-  
ticular problem depends upon a  mul t i tude  of parameters.  These i n -  
c lude  the  c o r e  requirements ,  number of opera t ing  system c a l l s ,  t he  
t o t a l  artd c e n t r a l  processing time, e t c .  An a t tempt  t o  uniquely de- 
f i n e  t h e  c o s t  requirements f o r  a problem of a  given s i z e ,  run under 
any one of the  c u r r e n t  ope ra t ing  systems, i s  unfeas ib le .  
Although a r e a l i s t i c  accounting procedure would cons ider  some 
o r  a l l  of t he  v a r i a b l e s  mentioned, i t  neve r the le s s  remains t r u e  that 
t h e  c e n t r a l  process ing  time (CPU) i s  a s i g n i f i c a n t  f a c t o r  i n  deter- 
mining t h e  t o t a l  c o s t .  O n  t h i s  b a s i s  we have ind ica ted  ( F i g ,  34) 
r e p r e s e n t a t i v e  e l a s t i c  s o l u t i o n  time requirements versus  problem 
s i z e  f o r  the  PLANE module. The problem s i z e  i s  r ep resen ted  in the 
f i g u r e  by t h e  number of degrees-of-freedom and the  semi-b*;lndwidth, 
The two curves i n  P ig .  34 were not  obtained independent ly,  T h a t  
i s ,  a s  i l l u s t r a t e d  i n  t h e  f i g u r e ,  a problem involwi..ng 70" degrees-  
of-freedom r e q u i r e s  13 seconds of CPU i f  t h e  semi-bandwidth is 90, 
The time requirements f o r  the  s o l u t i o n  t o  an e l a s t i c - p i a s c i c  
problem i s  measured a s  the  s u m a t i o n  of the  time requ i red  for each 
increment of load .  A s  d i scussed  i n  Sec t ion  2 ,  t he  d i s p l a a ~ e ~ ~ e n t  
method-predictor procedure (used by a l l  the  modules of PL4NS) does 
n o t  r e q u i r e  the  re formula t ion  and success ive  decomposition of t h e  
e l a s t i c  s t i f f n e s s  ma t r ix  f o r  each s t e p  beyond the  i n i t i a l  maximum 
e l a s t i c  load va lue .  Thus, t he  t ime requ i red  f o r  each incremental  
load s t e p  i s  cons iderably  l e s s  than the  e l a s t i c  s o l u t i o n  require- 
ment. I n  g e n e r a l ,  i t  has been found t h a t  one-tenth of t h 1 2  elastic 
s o l u t i o n  time r e p r e s e n t s  a f a i r l y  r e l i a b l e  e s t ima te  f o r  d1eterni.n- 
i ng  t h e  CPU time f o r  each increment i n  the p l a s t i c  range ,  
A schematic curve of t o t a l  system time ve r sus  problem s i z e  
(degree-of-freedom x semi-bandwidth) i s  presented  i n  Ref ,  59, i n  
a d d i t i o n  t o  an e x c e l l e n t  d i scuss ion  on the  c o s t  of computing for 
a nonl inear  a n a l y s i s  system. 
The m a t e r i a l  presented  i n  t h i s  r e p o r t ,  although primarzly con- 
cerned w i t h  t h e  a u t h o r s P  i n v e s t i g a t i o n s ,  i s  r e p r e ~ e n t a t ~ v ~ e  of the 
c u r r e n t  s t a t e  of the  development of nonl inear  a n a l y s i s  techniques 
w i t h i n  t h e  framework of t h e  f i n i t e - e l e m w t  method, I n  a d d i t i o n  t o  
t h i s  r e p o r t ,  r e c e n t  surveys of t h e  l i t e r a t u r e  r e v e a l  that t hese  
methods have been developed t o  t h e  po in t  where a broad spilctrum of 
s t r u c t u r e s  of cons iderable  complexity can be analyzed through t h e  
p l a s t i c  range. Pa r t i euka r  emphasis h a s  been placed here ion c y c l i c  
loading cond i t ions  involv ing  reversed  Loading i n t o  the  plascic:  
range.  Information concerning the  behavior of s t r u c t u r e s  subjec ted  
t o  r e a l i s t i c  load s p e c t r a  of t h i s  type should be of g r e a s  value i n  
t r e a t i n g  t h e  problem of Bow-cycle f a t i g u e .  
AS though d e f i c i e n c i e s  s t i l l  remain i n  the  development of ac-  
eura te c o n s t i t u t i v e  r e l a t i o n s  desc r ib ing  e l a s t i c - p l a s t i c  l a r g e  
dezormation behavior ,  we do n o t  b e l i e v e  t h a t  t h i s  should i n h i b i t  
t h e  detelspment of a n a l y t i c a l  methods and t h e i r  a s s o c i a t e d  com- 
p u t e r  programs. Whether any one of the  c u r r e n t l y  a v a i l a b l e  p l a s -  
ticity t h e o r i e s  r e p r e s e n t s  an "exact" model f o r  m a t e r i a l  nonl in-  
e a r i t y  i s  of  l e s s  s ig ,nif icance than the  f a c t  t h a t  t h e  f i n i t e -  
element method al lows us t o  perform numerical  experiments t o  a i d  
ia tke development of t h e o r i e s  t h a t  more r e a l i s t i c a l l y  desc r ibe  
e n n p l e x  m a t e r i a l  behavior ,  The programs a l s o  provide a  guide f o r  
t h e  e ~ r p e r i m e n t a l i s t  s o  t h a t  he can determine t h e  type of expe r i -  
ments t o  perform, the  p r o p e r t i e s  t o  measure, and the  d a t a  t o  
m o n i t o r  s o  t h a t  more a c c u r a t e  t h e o r i e s  may be formulated.  On t h i s  
basis i t  i s  a n t i c i p a t e d  t h a t  f u r t h e r  in roads  can be made i n t o  those 
areas of i n v e s t i g a t i o n  t h a t ,  i n  t h e  au thor s '  opinion,  r e q u i r e  f u r -  
t h e r  i n s i g h t ,  These problem a r e a s  inc lude:  a n i s o t r o p i c  p l a s t i c i t y ,  
temperature dependent p l a s t i c i t y ,  and dynamic loading e f f e c t s .  
During t h e  course of the  p resen t  s tudy a  s u b s t a n t i a l  e f f o r t  
was d e v ~ t e d  toward t h e  development of a use r -o r i en ted  computer 
code ,  b r i e f l y  descr ibed  i n  t h i s  s e c t i o n ,  t h a t  implements the  p l a s -  
t i c  a t ia lys is  techniques favored by t h e  au thor s .  To t r a n s l a t e  
these t h e o r e t i c a l  approaches i n t o  a use r -o r i en ted ,  p r a c t i c a l  
computing t o o l ,  one must- recognize t h a t  those  problems t h a t  e x i s t  
i n  t h e  development of such a  t o o l  f o r  an e l a s t i c  a n a l y s i s  a r e  
magnified for a non l inea r  a n a l y s i s .  The c o n s t r a i n t s  imposed by 
t h e  range of v a l i d i t y  of any p a r t i c u l a r  t h e o r e t i c a l  a n a l y s i s  must 
be understood by the  u s e r  and t h e  d a t a  obtained from i t  c a r e f u l l y  
i a ~ t e r p r e t e d  t o  ensure i t s  proper a p p l i c a t i o n .  'For these  reasons  
i t .  would be p o t e n t i a l l y  dangerous t o  cons ider  such a  t o o l  a s  a  
"bbXack box," Thus, a  d e s i r a b l e  f e a t u r e  of such a  program, i . e . ,  
its ease of a p p l i c a t i o n ,  perhaps r e p r e s e n t s  i t s  g r e a t e s t  l i a b i l i t y .  
Recent ly,  cons iderable  a t t e n t i o n  [ l 8 ]  has  been turned toward 
corisidering p r s ~ l e m s  s f  e f f i c i e n c y ,  accuracy,  and t h e  r e s u l t a n t  
eeo13ornic f e a s i b i l i t y  of l a r g e  s c a l e  use of numerical non l inea r  
a n a l y t i c  systems, OIB t h e  b a s i s  of t h e  improvements i n  s o l u t i o n  
procedures ,  equat ion  so lv ing  a lgor i thms and computer hardware, 
one can now envis ion  t h e  time when i t  w i l l  become unnecessary eo 
guess  a t  o r  des ign  around a problem involving.complex n o n l i n e a r i -  
t i e s ,  In cons ider ing  t h e  c o s t  of us ing  such a  t o o l ,  however, one 
m u s t  always weigh the  c o s t  of the  a n a l y s i s  versus  t h e  c o s t  and 
r i s k  involved i n  t h e  p o s s i b i l i t y  of designing a  system on the  b a s i s  
sf p ~ r t T a l  information or  i n s t i t u t i n g  an experimental  program t o  
zai-1 :he same information.  
- 
APPENDIX A 
Plane S t r e s s  (Membrane S t a t e s  Only) 
I .  Constant S t r a i n  Triangle (CST) (Fig. 35) - This we LL- 
known plane s t r e s s  membrane element was used success fu l ly  f o r  the 
i d e a l i z a t i o n  of s t r uc t u r e s  considered under Contract NAS 1-5040, 
I t s  de r iva t ion  i s  based upon the assumption of a l i n e a r  d i s t r i b u -  
t i o n  f o r  the  in-plane displacements u and v,  and consequently, 
leads  t o  a constant  s t r a i n  s t a t e  w i th in  the  element. Each v z r t e x  
i s  allowed two degrees of freedom ( the  in-plane displacements u 
and v) f o r  a t o t a l  of s i x  degrees of freedom f o r  the elemei-at, 
Consis t e n t  wi th  the  t o t a l  s t r a i n  d i s t r i b u t i o n ,  the i n i t i a l  strains 
( p l a s t i c  s t r a i n s )  a r e  assumed to  be constant  wi th in  each elernent. 
S t i f f n e s s  and i n i t i a l  s t r a i n  matr ices have been developed and suc- 
c e s s f u l l y  used i n  Contracts NAS 1-5040 and NAS 1-7315, Refs, 25 and 
16. 
2. Linear S t r a i n  Triangle (LST) (Fig. 36) - In regions of 
high s t r a i n  g rad ien t ,  the  CST t r i a n g l e  i s  not  s u f f i c i e n t l y  accurate 
t o  be used i n  a p l a s t i c i t y  ana ly s i s  un less  a very f i n e  grid is  e m -  
ployed. The l i n e a r  s t r a i n  t r i a n g l e  (LST) remedies t h i s  shor  t c ~ m i n p  
of the CST element. The assumption s f  a quadra t ic  distr:ibration f o r  
the in-plane displacements allows f o r  a l i n e a r  s t r a i n  v a r i a t i o n  
w i t h in  the  t r i a n g l e .  Two degrees of freedom a t  each node (u,v) 
f o r  each of  the s i x  nodes ( th ree  ve r tex  and th ree  midsidc? nodes) 
g i v e  t h i s  element a t o t a l  of 12 degrees of freedom. The i n i K i a l  
s t r a i n s  a r e  assumed t o  be constant  wi th in  each element and are 
evaluated a t  the  cen t ro id .  Both s t i f f n e s s  and i n i t i a l  s t r a i n  
matr ices have been developed and success fu l ly  used i n  Corrtract 
NAS 1-7315. 
3. Hybrid Triangles - In  t r a n s i t i o n  regions,  i . e . ,  regions 
i n  which s t r e s s e s  and s t r a i n s  change from r ap id ly  varying to slowly 
varying, i t  becomes convenient and e f f i c i e n t  t o  switch from l i nea r  
s t r a i n  t r i a n g l e s  t o  constant  s t r a i n  t r i a n g l e s .  This i s  acconllpl-islied 
by using four and f i v e  node t r i a n g l e s  t o  maintain cornpati-bility 
wi th  both the  CST and LST elements. These elements together  w i t h  
the  GST and LST elements were o r i g i n a l l y  used i n  Ref. 6 ,  and a r e  
r e f e r r ed  t o  a s  the TRIM 3 through TRIM 6 family.  For  rbese mixed 
formulation hybrid elements, the displacements along edgtis may vary 
quad ra t i c a l l y  or l i n e a r l y ,  depending upon whether an LST or CST trim 
angle i s  contiguous t o  the respec t ive  s i de s .  Again, the p i a s t i c  
s t r a i n  d i s t r i b u t i o n  i s  assumed constant  wi th in  each element, 
4, Warped Quadr i l a te ra l  Shear Panel (Fig,  37) - For many a i r -  
c r z f t  structures the s t i f f n e s s  p roper t i e s  may be adequately repre-  
sented by an assemblage of beams, ba r s ,  and shear  panels ,  me 
shear. -panels, a s  t h e i r  name implies ,  provide r e s i s t ance  only t o  
shearirg fo r ce s ,  The normal and bending s t r e s s e s  a r e  c a r r i ed  by the 
b a r s  and beams. The shear  panel used i n  the ana lys i s  i s  based upon 
the o r i g i n a l  formulation and approximation proposed by Garvey 
( R e f ,  3 3 ,  I t  i s  q u a d r i l a t e r a l  i n  planform and a l l  four  nodes need 
n o t  l i e  i n  a p lane ,  The out  of plane " twis t ing"  i s  taken up by 
"kick" forces  f i  a s  shown i n  F ig .  37. The p l a s t i c  behavior of 
this element i s  assumed t o  be un i ax i a l ,  i . e . ,  the s i ng l e  s t r e s s  o r  
strain component a t  the  cen t ro id  of the element i s  used t o  compute 
the -plast ic  s t r a i n  a t  t h a t  po in t .  
5, St r ingers  (Fig. 38) - For many a i r c r a f t  s t r u c t u r e s ,  e . g . ,  
fuselages, wings, e t c . ,  l o c a l  s t i £  fening i s  required  t o  provide 
adequate s t a b i l i t y  i n  compression, Specia l  one dimensional f i n i t e -  
elements a r e  required t o  represent  the  s t r i n g e r s  used f o r  t h i s  pur- 
pose,  Uniform cross  sec t ion  s t r i n g e r  elements have been developed 
using both constant  and Linearly varying s t r a i n  assumptions, so 
t h s t  c o m ~ a t i b i l i t y  wi th  both the CST and LST elements can be m i n -  
tai~e?, For the constant  s t r a i n  s t r i n g e r ,  a Linear a x i a l  d isplace-  
xnerI7t and a constant  i n i t i a l  ( p l a s t i c )  s t r a i n  d i s t r i b u t i o n  wi th in  
t h e  slernent a r e  assumed. The l i n e a r  s t r a i n  s t r i n g e r  s t i f f n e s s  
matrlx i s  based upon a quadra t ic  displacement assumption and the  
i n l - k i a l  ( p l a s t i c )  s t r a i n s  a r e  constant  wi th in  t he  element 
1, Triangular  Element (Bell) (Fig. 3)  - While a rec tangular  
e :~cr?snt  i s  exce l l en t  f o r  rec tangular  regions,  a t r i angu l a r  element 
i s aecessary t o  t rea-t  p l a t e s  wi th  a r b i t r a r y  boundaries, including 
curizd boundaries. The f u l l y  conforming t r i angu l a r  bending element 
developed by Bel l  (Ref, 39) and severa l  o the r  authors (Refs. 60 and 61) 
has proved t o  be extremely e f f e c t i v e  f o r  the  ana lys i s  of bending 
of ,s%_ae%s wi th  curved boundaries,  f i t s  elernent was used e f f e c t i v e l y  
i n  $ef, 16 t o  t r e a t  t r i angu l a r ,  c i r c u l a r ,  annular,  and rec tangular  
plates, The l a t e r a l  d isplacenent  w i s  assumed t o  be a complete 
q u i q t i c  polynomial i n  x and y, the fn-plane coordinates .  Six 
nodal degress of freedom (w, w J x 3  w , y ,  W'xx, w >xy, W 9 y y )  a t  each 
vertex node and th ree  normal s lopes a t  the midpoints of the  s i de s  
7 are rkn5.G a l l y  prescr ibed.  The La t t e r  th ree  degrees of f r e e -  
don: are :?1en e l h i n a t e d  by imposing a cubic v a r i a t i o n  of the normal 
slope aiang the edges, r e s u l t i n g  i n  an 18 degree of freedom element, 
The p l a s t i c  s t r a i n  d l 5  L r ~ b u t i o n  i s  albowed t o  vary a r b i t r a r i l y  i n  
the plane of the element. P l a s t i c  s t r a i n s  a r e  evaluated a t  Gauss 
points  and the  p l a s t i c  load vec to r  i s  formed using two dimens~~tsmal~ 
Gauss-Eegendre i n t eg ra t i on  i n  the plane of the element,  7'h~ p l a s -  
t i c  s t r a i n  v a r i a t i o n  through the thickness a t  each Gauss ps inc  is 
monitored a t  a given number of po in t s  lrhrough the  thickness (La.yered 
approach). The s t r a i n s  a r e  then numerically in tegra ted  sttrot:,qh the 
thickness f o r  use wi th  the  i n i t i a l  s t ra in .  s t i f f n e s s  matrix t o  form 
the p l a s t i c  load vec to r .  For problems involving combined bending 
and s t r e t ch ing  the  in-plane displacements a r e  assumed t o  v a r y  J ic-  
ea r l y ,  a s  i n  the constant  s t r a i n  membrane t r i a n g l e  o r  c u b i . c ~ - ~ - ~  
(see Ref. 10) a s  i n  Fel ippat  s formulat ion,  S t i f f n e s s ,  i n i t i a l .  
s t r e s s  s t i f f n e s s ,  and i n i t i a l  s t r a i n  matr ices have been derived 
and success fu l ly  employed i n  the work of Ref. 86. 
2 .  Beam Element (Fig. 49 - The ef  f e c  t s  sf l o c a l  srifferei-ng 
may be represented  by a beam element t h a t  assumes the  gross geo- 
metr ic  and e l a s t i c  p roper t i e s  of the a c t u a l  s t i f f e n e r ,  Suck 6 beam 
element wi th  a rec tangular  c ross  sec t ion  has been developed and 
used extens ively  i n  Refs, 13 and 62 f o r  bending, combined bending 
and s t r e t ch ing ,  geometric non l inear i ty ,  and i n t e g r a l l y  s t i  f fe7- etl 
p l a t e  problems. Bending, membrane, and t o r s i ona l  r i g i d i t y  are aEP 
accounted f o r  i n  the  s t i f f n e s s  matr ix ,  The l a t e r a l  d e f l e c t i o r s  are 
assumed t o  be cubic i n  the  a x i a l  coordinate,  while  the  a x i a l  dis- 
placement i s  l i n e a r ,  Torsional  r i g i d i t y  i s  included through the 
assumption of a l i n e a r  v a r i a t i o n  of the angle of t w i s t .  
In add i t ion  t o  t h i s  s tandard beam element, another  e1erner.t has 
been developed f o r  use a s  a s t i f f e n e r  i n  conjunction wi th  the tri- 
angular  p l a t e  element. This element, depicted i n  Pig.40, a p L o y s  
a cubic displacement assumption f o r  both l a t e r a l  disgbaeements and 
the  a x i a l  displacement,  The angle of tw i s t  i s  assume6 t o  vary Pin- 
e a r l y  from node t o  node, 
P l a s t i c i t y  i s  accounted f o r  by assuming a l i n e a r  v a r i a t i o n  
from node t o  node of p l a s t i c  s t r a i n s  along the beam ax i s  and sl Low- 
ing an a r b i t r a r y  v a r i a t i o n  of p l a s t i c  s t r a i n s  through the  cross- 
s ec t i ona l  a r ea .  The p l a s t i c  s t r a i n  d i s t r i b u t i o n  i s  in tegra ted  
across the a r ea  using Gauss -Legendre i n t eg ra t i on  and along the 
length i n  closed form. 
Axis ymmetric Bodies of Revolution 
1. h i symmet r ic  So l id  Element (Fig. 4-11 - T h e  analysis cf 
th ick  s o l i d s  of revolut ion  subjec ted  t o  a r b i t r a r y  mechanical Loads 
i s  of ba s i c  i n t e r e s t  i n  the  aerospace indust ry .  A t r i angu l a r  eLe- 
ment of revolut ion  used t o  analyze these  problems was develapeii by 
Wilson (Ref. 41) and o the r s .  This i s  e s s e n t i a l l y  a two dimensional 
element w i t h  the formulation modified t o  account f o r  hoop s t r e s s e s  
and s t r a i n s  (due t o  the  curvature  of the  s t r u c t u r e ) .  I t s  der iva-  
tion fLs based upon a l i n e a r  assumption f o r  the r a d i a l  and a x i a l  
displacement components. A modificat ion t o  t h i s  element t o  include 
a t o r s i o ~ n a l  degree-of-freedom i s  incorporated f o r  the element i n -  
c l~nded  i n  t h i s  module. Thus, the element has th ree  degrees-of- 
freedom a t  each nodal c i r c l e .  Because of i t s  t r i angu l a r  shape, 
i t  i s  capable of represent ing a r b i t r a r y  bodies of revolut ion .  The 
p l a s t i c  s t r a i n  d i s t r i b u t i o n  t o  be used i n  the formation of the  i n i -  
t i a l  s t r a i n  matrix i s  assumed constant  wi th in  each element. S t i f f -  
ness and i n i t i a l  s t r a i n  matr ices have been developed and incorpo- 
r a t e d  i n t o  the  program. I t  should be mentioned t h a t  good e l a s t i c  
resu:lts have been obtained by using t h i s  element (Ref. 6 3 ) ,  and 
Marcal (lief. 64) and Armen, Levine, and Pifko (Ref. 65) have ob- 
tained good r e s u l t s  i n  e l a s t i c - p l a s t i c  analyses .  
2 ,  kisymmet r ic  Thin She l l  Element (Fig. 42) - For s h e l l s  
whose thickness-to-mean-radius r a t i o  i s  l e s s  than 1/10 ( i n  many 
cases t h i s  r a t i o  m y  be a s  high a s  1/3) and where l o c a l  e f f e c t s  
are neg l i g ib l e  (e . g . , junctures ,  branches, welds) , the use of a  
th ree  dimensional element becomes was te fu l .  For such s t r u c t u r e s ,  
s h e l l  theory, which i s  a  two dimensional approximation t o  th ree  
dimei~siorzal e l a s t i c i t y  theory,  g ives  an accura te  desc r ip t ion  of 
the state of s t r e s s  and deformation. Noreover, s ince  thickness 
e f f e c t s  are  included i n  'che kinematic model, only the circumfer- 
e n t i a l  and meridional v a r i a t i o n  of pe r t i nen t  va r iab les  must be con- 
s ide red .  This r e s u l t s  i n  a  considerable saving wi th  regard t o  
computer s to rage ,  s ince  a smaller  number of elements i s  required  
t o  descr ibe  the  s t r uc tu r e .  
The s h e l l  of revolut ion  i s  a  ba s i c  component of many aero- 
space st i ructures.  Cylinders,  spheres, cones, and var ious  combina- 
tions thereof a r e  widely used. For these reasons,  an axisymmetric 
t h i n  shel.l element capable of t r e a t i n g  a r b i t r a r y  s h e l l s  of revolu-  
t i o n  under axisymmetric loading i s  included i n  the p l a s t i c i t y  pro- 
gram, 
The s h e l l  element chosen f o r  use he re  is  based upon the  e l e -  
ment developed by Levine and Armen i n  Ref. 42. The de r iva t ion  of 
the s t i f f n e s s  p roper t i e s  of t h i s  element i s  based upon a s h e l l  
theotry proposed by Sanders (Ref. 66)  t h a t  uses Kirchoff 1 s  hypothe- 
s i s  and LovePs f i r s t  approximation. The meridional displacement 
i s  asss9rned t o  be a cubic funct ion  of the  meridional coordinate < 
(see Fig, 42) and the normal displacement i s  a l s o  chosen t o  be 
cubic i n  . The a c t u a l  meridional shape of the s h e l l  i s  r ep r e -  
sented by  a cubic v a r i a t i o n  wi th in  the  element. P l a s t i c i t y  has 
been accounted f o r  by d iv id ing the  s h e l l  i n t o  l ayers  through the 
th ickness ,  For the cur ren t  ana lys i s ,  the p l a s t i c  s t r a i n s  a r e  as-  
sumed t o  va ry  l i n e a r l y  along the meridian i n  the de r iva t ion  of the 
i n i t i a l  s t r a i n  matrix. I n i t i a l  s t r a i n ,  i n i t i a l  s t r e s s ,  a n d  :on-,en - 
t i ona l  s t i f f n e s s  matrices have been developed and successfuXy 
employed i n  combined problems of mater ia l  and geometric n o n l i n e a r -  
i t y .  
3 .  Axisymmetric Thin Ring Element - A t h in  r ing  element to 
account f o r  the e f f e c t s  of l oca l  s t i f f en ing  on the behavior 
axisymmetric s t ruc tu re s  has been developed. The r i ng  may be of 
a r b i t r a r y  cross sect ion and eccen t r i ca l l y  attached to  the s t r u c -  
t u r e .  Torsion, extension, and bending a r e  accounted for, T;%e ef - 
f e c t s  of p r e s t r e s s ,  warping, and shear deformation have been 
neglected, and the  shear center  and centroid  must coincide The 
element i s  ba s i ca l l y  s imi la r  t o  t h a t  presented by Cohen ( R e f ,  431,  
P l a s t i c  e f f e c t s  a r e  included by numerically in tegra t ing  the plas- 
t i c  s t r a i n s  over the cross-sect ional  area  of the r ing  £01: use with  
the e f f ec t i ve  p l a s t i c  load vector .  
Three Dimensional Analysis 
Isoparame t r i c  Hexahei, ron Element Family Ranging frora  8 des 
( a t  the Corners) to 20 (8 Corner and 12 Mid-edge) Nodes  fig 43 
and Ref. 50) - For the 8 node element the displacement l~unca:"ion 
i s  represented by a s e t  of l i n e a r  in te rpo la t ing  funct ions ,  Qua- 
d r a t i c  in te rpo la t ion  functions a r e  used f o r  the 20 node eleiaenc, 
In  l oca l  coordinates the element i s  a cube; i n  global  coordinates, 
however, the  posi t ion of a l l  nodes i s  a r b i t r a r y .  Each edge o r f  t h e  
cube i s  e i t h e r  a quadratic curve i n  space o r  a s t r a i g h t  edge ,  de- 
pending upon whether the edge i s  defined by the locat ion of rr'reree 
o r  two node points .  Thus, curved bound,lries a r e  represent:ed I q r  
quadratic in te rpo la t ing  polynomials. 
A constant p l a s t i c  s t r a i n  wi thin  each element has been in-- 
corporated. 
Laminated Composite P l a t e  Analysis - 
@ Constant s t r e s s  element 
Pure shear element Composite Element (l;"i;z, -- 44) 
Interlaminar shear deformation, the mechanism by which load 
i s  t r ans fe r red  through a matrix mater ia l  between two s t i f f  Lam]-nae 
as  the  laminae tend to  s l i d e  over each other ,  cannot be predicted 
by using c l a s s i c a l  p l a t e  theory. This type of deformation d e , ~ e l s p s  
along the edges of a laminate and can be important with respect  t o  
strength predic t ions  of composite s t r uc tu r e s ,  e spec i a l l y  f o r  a  lami- 
na te with a  r e l a t i v e l y  low t ransverse  shear  s t r eng th .  Analogous 
behavior i s  found to  e x i s t  i n  bonded s t r u c t u r a l  j o i n t s .  
The idea l i zed  model used i n  the  ana lys i s  separa tes  the mem- 
brane and in ter laminar  p roper t i e s  of a  laminated composite by using 
alternatxng or tho t rop ic  f iber-bear ing segments and i so t rop i c  shear  
segments, as shown i n  Fig.  44a. The or tho t rop ic  segments c a r ry  in-  
p lan2  s t r e s s e s  only, and may be considered t o  be i n  a  s t a t e  of plane 
s t r e s s ;  che shear  segments c a r ry  only  in ter laminar  shear  s t r e s s e s ,  
and are i n  a  s t a t e  of pure shear .  
The: composite element cons i s t en t  wi th  the idea l i zed  model i s  
shown in Fig ,  /db, The membrane segments a r e  t r i angu l a r  o r tho t rop ic  
elements i n  which the  t o t a l  s t r a i n s  a r e  assumed t o  be uniform. 
N e r ~  the s train-displacement r e l a t i o n  i s  based on a  l i n e a r l y  vary- 
ing displacement f i e l d ,  The s t i f f n e s s  p roper t i e s  of the  in ter lami-  
- F ~ G T  - s h e ~ r  segments a r e  a l s o  based on a  l i n e a r  displacement f i e l d ,  
so r h a t  the  shear  s t r a i n s  may be w r i t t e n  i n  terms of the nodal d i s -  
p1acerner.t~ i n  the following manner: 
+ v  R - B  - v  a - -v a - v;) / 3 t  , j + v k  i j 
where u and v a r e  displacements i n  the x and y  d i r ec t i ons ,  
r e spec t ive ly ;  subsc r ip t s  i d e n t i f y  elements v e r t i c e s ;  and super- 
s c r i p t s  i d e n t i f y  element faces  a s  shown i n  Fig. 4.4. Since the  d i s -  
placements vary l i n e a r l y  i n  the  plane of a  membrane segment, the  
in tar laminar  shear  s t r a i n  i s  computed on the  ba s i s  of cen t ro ida l  
values c f  displacement, and thus the  shear  segment may be regarded 
as a shea r - r e s i s t i ng  medium connecting the  cent ro ids  of adjacent  
rnembrsne segments. h y  number of segments may be stacked through 
the  tkickness t o  form the mult i layered composite element. 
P l a s t i c  behavior of the p l a t e  i s  assumed t o  be confined t o  the 
sofzer n a t r i x  mate r ia l .  A uniform p l a s t i c  shear  s t r a i n  i s  assumed 
t o  e x i s t  i n  the  in ter laminar  region.  A d e t a i l e d  discussion of t h i s  
elesrenar. and  i t s  p o t e n t i a l  usage i s  presented i n  Ref. 54. 
APPENDIX B 
PLASTICITY RELATIONS 
Considerable e f f o r t s  have been made i n  the experimental ex- 
p lo r a t i on  of the  nonl inear  behavior of many of the commonly ea- 
countered s t r u c t u r a l  ma t e r i a l s .  A motivating fo rce  underlying 
m c h  of t h i s  e f f o r t  can be a t t r i b u t e d  t o  ba s i c  inves t iga t ions  con- 
cerned wi th  low cycle f a t i gue  (Refs. 67 and 68) . From a rnetal lurgi-  
c a l  viewpoint, the  mechanism assoc ia ted  with the behavior of  duc- 
t i l e  mate r ia l s  experiencing cyc l i c  p l a s t i c  deformation to  f r a c t u r e  
appears t o  be overwhelmingly complex. Because of t h i s  complexity 
no un ive r s a l l y  app l icab le  laws governing the behavior of mate r ia l s  
i n  the p l a s t i c  range have ye t  been developed. I f  the s t r u c t u r a l  
ana ly s t  i s  t o  p r ed i c t  the  gross  deformation behavior of s t r uc tu r e s  
i n  the p l a s t i c  range, he i s  required  t o  choose from among the sev- 
c r s l  ava i l ab l e  p l a s t i c i t y  theor ies  one t h a t  success fu l ly  combines 
ntathematical s imp l i c i t y  wi th  a reasonably f a i t h f u l  representatiom. 
of same of the more obvious experimental ly observed f ea tu r e s  of  
ma t e r i a l  behavior.  
We here  present  and b r i e f l y  d iscuss  p l a s t i c i t y  r e l a t i o n s  f o r  
t h r ee  p a r t i c u l a r  theor ies  assoc ia ted  wi th  s train-hardening behavior ,  
These a r e  the  kinematic hardening and i so t rop i c  hardening t he s r  i e s  
and a t h i r d  theory t h a t  incorporates f e a tu r e s  of both. I so t rop ic  
hardening i s  r e s t r i c t e d  t o  monotonic loading condi t ions ,  whereas 
the  l a s t  two a r e  s p e c i f i c a l l y  developed t o  t r e a t  cyc l i c  loading 
condit ions involving s t r e s s  r eve r s a l s .  In add i t ion ,  considera t ion  
i s  given t o  those r e l a t i o n s  appropr ia te  t o  i d e a l l y  p l a s t i c  mate r ia l  
behavior.  
For i so t rop i c ,  isothermal condi t ions ,  we can def ine  a function 
of the  s t r e s s  components t o  be used i n  describing the  l i m i t s  of 
e l a s t i c  behavior.  This funct ion  genera l ly  represen t s  one o r  a com- 
b ina t ion  of s t r e s s  i nva r i an t s  and can be a smooth continuous f w c -  
t i o n  (von Mises) o r  discontinuous piecewise l i n e a r  (Tresca) , 
In the  case of  subsequent y ie ld ing from a p l a s t i c  state, the  
funct ion  used t o  def ine  the e l a s t i c  l i m i t  i s  r e f e r r e d  t o  a s  the 
subsequent y i e ld  o r  loading function,  and the  corresponding y i e l d  
condi t ion  can be represented a s  
where f i s  a  homogeneous funct ion of order  n of i t s  arguments, 
are the s t r e s s  components, a i j  represents  a  measure of the 
degree of  work hardening, and a, 1 s  the y i e ld  s t r e s s .  
The y i e ld  and loading condi t ions  serve t o  e s t a b l i s h  c r i t e r i a  
for loading, unloading, o r  n e u t r a l  loading from e l a s t i c  o r  p l a s t i c  
s t a t e s ,  r e spec t i ve ly  (Ref. 25) .  Additional information, i n  the 
form of a c o n s t i t u t i v e  r e l a t i o n  between increments of p l a s t i c  
s t r a i n ,  s t r e s s ,  and s t r e s s  increment, i s  required t o  descr ibe  the 
p l a s t i c  behavior of a  mate r ia l .  This c o n s t i t u t i v e  r e l a t i o n ,  termed 
the flow r u l e ,  i s  based on the  maximum p l a s t i c  work inequa l i ty  
( R e f ,  ii3>: 
where tic r ep resen t s  the  p l a s t i c  s t r a i n  increment components 
r e s u l t i n g  from rhe s t r e s s  s  r a t e  
a i j  on the  subsequent loading 0 
s u r f a c e ,  and o i s  any o the r  s t r e s s  s t a t e  on the  surface  be-. i i 
neath  i t .  In adh i t ion  t o  providing the  convexity condit ion on the  
loading surface ,  the i nequa l i t y  leads  t o  the normali ty condit ion 
associat:ed wi th  the  p l a s t i c  s t r a i n  increment vec to r .  Thus, the  
flo'iaf r u l e  i s  represented a s  
where dl\  i s  a  pos i t i ve  s c a l a r  quan t i ty .  
Hatring s e l ec t ed  a y i e ld  condit ion and flow r u l e ,  we must now 
choose a funct ion t ha t  w i l l  e s t a b l i s h  condit ions f o r  subsequent 
yielding from a p l a s t i c  s t a t e .  Choice of a  hardening r u l e  depends 
on the ease wi th  which it  can be appl ied  i n  the chosen method of 
analysis a s  we l l  a s  on i t s  c a p a b i l i t y  of represent ing the a c t u a l  
hardening behavior of s t r u c t u r a l  ma te r ia l s .  These requirements 
and  the  nece s s i t y  of maintaining mathematical consis  tency wi th  the  
y ie ld  funct ion  c o n s t i t u t e  the  c r i t e r i a  f o r  f i n a l  choice of a  harden- 
ing r u l e .  An app ra i s a l  of some of the  ava i l ab l e  hardening r u l e s  
fola,ows, 
Kinematic Hardening 
--
"re hardening behavior pos tu la ted  i n  t h i s  theory assumes t ha t  
during p l a s t i c  deformation the  loading surface  t r a n s l a t e s  a s  a  
r i g i d  body i n  s t r e s s  space, maintaining the s i z e ,  shape, and or ien-  
t a t i o n  of the  y i e ld  su r face .  The primary aim of t h i s  theory, due 
t o  Prager (Refs. 26 and 271, i s  t o  provide a means of accour.ting 
f o r  the  Bauschinger e f f e c t .  Such a c a p a b i l i t y  i s  of p a r t i c u l a r  rim- 
portance i n  the  s t reng th  p red ic t ion  of a i r c r a f t  s t r uc tu r e s ,  s ince  
severe loadings tend t o  be random, and f a i l u r e  may occur as the 
cumulative e f f e c t  of a small number of such loadings.  
An i l l u s t r a t i o n  of kinematic hardening, a s  applied i n  conjunc- 
t i o n  wi th  the von Mises y ie ld  curve i n  the  01, 02 plane, i s  pro- 
vided i n  Fig.45.  The y i e l d  surface  and loading surface  a r e  shown 
here  f o r  a s h i f t  of the  s t r e s s  s t a t e  from po in t  I t o  point  2, De- 
not ing the  t r a n s l a t i o n  of the  cen te r  of the y i e ld  surface  by a i j ,  
we may represen t  the  loading funct ion f i n  the form f (ci j  - a i j )  ; 
the  subsequent y i e ld  condit ion i s  given a s  
As a consequence of assuming a r i g i d  t r an s l a t i on  of t h e  Boad- 
ing surface ,  kinematic hardening p r ed i c t s  an i d e a l  Bauschinger e f -  
f e c t  f o r  completely reversed loading condi t ions .  That i s ,  the 
magnitude of the increase  of y i e ld  s t r e s s  i n  one d i r ec t i on  r e s u l t s  
i n  a decrease of y ie ld  s t r e s s  of the same magnitude i n  t.he reverse  
d i r ec t i on .  Kadashevitch and Novozhilov (Ref. 70) have kndependentl y 
developed a hardening r u l e  almost i d e n t i c a l  t o  P r a g e r l s .  In t h e i r  
theory, the t o t a l  t r a n s l a t i o n  of the y ie ld  surface  i s  regarded a s  
assoc ia ted  wi th  " i n t e r n a l  micros t r e s s e s "  t h a t  remain i n  the body 
upon unloading. It i s  these i n t e r n a l  micros t resses  t h a t  a r e  eon- 
sidered to  be responsible  f o r  the  Bauschinger e f f e c t .  
The kinematic hardening theory a s  s e t  f o r t h  by Prager postu- 
l a t e s  t h a t  the  increments of t r a n s l a t i o n  of the  loading surface  i n  
nine dimensional s t r e s s  space occur i n  the d i r ec t i on  of the ex- 
t e r i o r  normal t o  the  surface  a t  the  instantaneous s t r e s s  s t a r e ,  
This geometric r e l a t i o n  can be expressed a n a l y t i c a l l y  by 
where d ~ i j  i s  the increment of p l a s t i c  s t r a i n ,  which, acco~rdkng 
t o  the flow r u l e ,  E q .  (B -3 ) ,  i s  i n  the d i r ec t i on  of the e x t e r i o r  
normal to  the loading surface ,  and c i s  a parameter character -  
i z ing  the  hardening behavior of the  ma t e r i a l .  
As indicated i n  Refs . 7 1  - 73, inconsistencies a r i s e  when the 
theory i s  applied in  various subspaces of s t r e s s ,  tha t  i s ,  when 
the symmetry of the s t r e s s  tensor or  the f ac t  tha t  some of the 
s t r e s s  components a re  zero i s  taken into account in reducing the 
number of dimensions of the s t r e s s  space. 
These inconsistencies produce the r e s u l t  tha t  the loading sur- 
face w i l l  not,  i n  general, t rans la te  in  the direction of the ex- 
t e r i o r  normal i n  a subspace of s t r e s s  when it  i s  made to  do so in  
the f u l l  nine dimensional s t r e s s  space. Reference 72 specif ies  
s t r e s s  conditions under which a l inear  transformation of variables 
enables the loading surface, i n  the transformed subspace, to  trans- 
l a t e  i n  the direct ion of the exter ior  normal. 
To avoid t h i s  d i f f i c u l t y  i n  implementing complete kinematic 
hardening, Ziegler ( ~ e f .  28) has proposed a modification of Pragerls  
ru le .  This replaces E q .  (B-5) with the following expression for  
the increment of t ranslat ion 
The geometrical significance of th i s  modification i s  shown 
in  Fig. 46, where the increment of t ranslat ion d c ~ ( ~ ) ,  computed on 
;j 
the basis of Pra e r l s  ru le ,  i s  compared with the Increment of 8 t ranslat ion dac.) ,  computed on the basis  of Zieglerts modified 
1 J  
ru le  Note tha t  i n  the l a t t e r  case the increment of t ranslat ion ('j i s  i n  the direct ion of the vector from the center of the dai 
yield or loading surface to  the point representing the instanta- 
neous s t r e s s  s t a t e .  
The scalar  d~ in  E q .  (B-6) i s  determined from the condition 
tha t  the s t r e s s  s t a t e  must remain on the translated loading sur- 
face during p l a s t i c  deformation. From Fig. 4 7 i t  can be seen tha t  
th i s  condition may be represented as  
Substituting E q .  (B-6) into E q .  (B-7), we have 
An expression f o r  the s ca l a r  f ac to r  dh associated with the  
flow ru l e ,  E q .  (B-3), can be determined by recognizing t h a t  the  
vector c d ~ i j ,  shown i n  Fig. 47, i s  the project ion of d ~ i j  on the 
ex te r io r  normal to  the  loading surface  a t  the instantaneous s t r e s s  
s t a t e .  Thus, we can wr i t e  
a f  (doij - cde ) - = 0 . i j  aoij 
Using the  flow ru l e ,  E q .  (B-3), to  subs t i t u t e  f o r  dr i j  i n  
Eq.  (B-9) r e s u l t s  i n  the following expression f o r  dh 
where the  summation convention i s  adopted i n  9-space. The flow 
r u l e  now becomes 
Isotropic  Hardening 
This theory assumes tha t  during p l a s t i c  flow .the loading sur-  
face expands uniformly about the  o r ig in  i n  s t r e s s  space, maintain- 
ing the same shape, center  locat ion,  and or ien ta t ion  a s  the y ie ld  
surface.  Figure 4 8 i l l u s t r a t e s ,  on the  bas i s  of a s impl i f ica t ion  t o  
a two dimensional p lo t ,  the  y i e ld  and loading surfaces when the  
s t r e s s  s t a t e  s h i f t s  from point  1 to  2 .  Unloading and subsequent 
reloading i n  the reverse  d i rec t ion  r e s u l t  i n  yielding a t  the  s t r e s s  
state represented by point  3. The path 2-3 w i l l  be e l a s t i c ,  and 
0-2 i s  equal to  0-3. 
It can be seen t h a t  the  i so t rop i c  type of representa t ion of 
work hardening does not  account f o r  the Bauschinger e f f e c t  exhibited 
b y  most s t r u c t u r a l  mater ia ls .  In  f a c t ,  t h i s  theory provides t h a t  
because of work hardening the mate r ia l  w i l l  exh ib i t  an increase i n  
t h e  compressive yie ld  s t r e s s  equal t o  the increase i n  the t e n s i l e  
y ie ld  s t r e s s .  Furthermore, s ince  p l a s t i c  deformation i s  an aniso- 
t rop ic  process, a theory t h a t  p red ic t s  i sot ropy i n  the p l a s t i c  
range cannot be expected t o  lead t o  r e a l i s t i c  r e s u l t s  when non- 
proport ional  loading paths (not necessar i ly  completely reversed) 
a r e  conisidered. This conclusion has been indicated experimentally 
i n  R e f s . 7 4  -77.  For monotonic loading condit ions,  however, i so-  
t rop ic  hardening i s  s a t i s f a c t o r y  and i s  commonly used. 
In. the case of i so t rop i c  hardening, f (aij) i n  Eq. (B-1) r e -  
t a in s  i t s  o r i g i n a l  form, except t h a t  a, increases i n  magnitude 
t o  provide f o r  the expansion of the yie ld  surface as  work hardening 
proceedis. Equation (B-1) then serves to  define oo, which i s  r e -  
f e r red  t o  as the "e f fec t ive  s t r e s s .  " The corresponding r e l a t i on -  
ship be tween p l a s t i c  s t r a i n  increments and s t r e s s  increments f o r  
the case of i so t rop i c  hardening i s  obtained by introducing the ex- 
pressicln f o r  f (ai j)  i n  Eq. (B-1) i n t o  the flow r u l e  of Eq. (B-3), 
with c t r ea t ed  a s  a constant .  
Work-*Hardening Moduli 
A theory t h a t  combines kinematic and i so t rop i c  work hardening 
would require  the y ie ld  condit ion of Eq. (B-1) to  be modified a s  
f o l l o w s .  
where F(A) i s  a measure of the  expansion of the yie ld  surface  i n  
s t r e s s  space, and, during p l a s t i c  deformation, h i s  a monotoni- 
c a l l y  increasing s c a l a r  function.  Equation (B-12) reduces to the 
case of kinematic hardening when F(A) = constant ,  and t o  i so-  
t rop ic  hardening when aij = 0 and F(h) i s  monotonically in -  
creas  inig . 
From experimental considera t ions  concerned wi th  the  behavior 
of metals under c y c l i c  loading, i t  has been observed t ha t  a s teady 
cycle  of a l t e r n a t i n g  p l a s t i c  flow i s  reached a f t e r  a c e r t a i n  number 
of cycles  (Ref. 78) .  For some mate r ia l s  under a f ixed s t r a i n  (or  
s t r e s s )  range, f u l l y  reversed cyc l i c  tension-compression t e s t s  may 
tend t o  increase  the  s t r e s s  (or  s t r a i n )  range toward a f ixed steady- 
s t a t e  value (work s t i f f e n i n g ) .  Conversely, i n  some metals i n i t i a l l y  
cold  worked i n t o  the p l a s t i c  range o r  hea t  t r e a t ed ,  the  s t r e s s  (or 
s t r a i n )  range can be lowered t o  the  same s teady-s ta te  value during 
p l a s t i c  cycl ing  (work so f ten ing) .  The hypotheses of i so t rop i c  and 
kinematic hardening cannot, i n  genera l ,  p r ed i c t  t h i s  observed phe- 
nomenon. In  the  un i ax i a l  case shown i n  Fig .  49, f o r  ins tance ,  f o r  
s t r e s s  cycl ing  between the l i m i t s  'aB, the  i so t rop i c  hardening 
model p r ed i c t s  completely e l a s t i c  behavior beyond the f i r s t  h a l f -  
cycle ,  whereas kinematic hardening p r ed i c t s  s teady cyc l i c  p l a s t i c  
s t r a i n i n g  beyond t he  f i r s t  cycle - ne i t he r  of which may represen t  
the a c t u a l  behavior.  
In  proposing a work-hardening model t o  account f o r  the be- 
havior  of metals under cyc l i c  loading condi t ions ,  ~ r 6 z  (Refs,  79  
and 80) has introduced the notion of a f i e l d  of work-hardening 
moduli and the v a r i a t i o n  of t h i s  f i e l d  during the course of  p las -  
t i c  deformation. In  t h i s  proposed model, a s t r e s s - s t r a i n  curve of 
an i n i t i a l l y  i so t rop i c  mate r ia l  i s  represented by n l i n e a r  seg- 
ments of constant  tangent p l a s t i c  moduli, a s  shown i n  Fig .  50, In 
s t r e s s  space, t h i s  approximation can be represented  by n hyper- 
surfaces  fo ,  f l ,  . . . , f n ,  where f o  i s  the  i n i t i a l  y ie ld  surface ,  
and f l  t o  f n  def ine  regions of constant  work-hardening m o d u l i .  
Figure 51 i l l u s t r a t e s  these  hypersurfaces i n  the a1 - 02 plane 
f o r  an i n i t i a l l y  i so t rop i c  mate r ia l .  As seen from t h i s  f igure ,  
the surfaces  fo ,  f ly  ... a r e  s im i l a r  and concentr ic ,  and f o r  sirn- 
p l i c i t y  a r e  schematical ly represented by a family of c i r c l e s .  If 
we consider  propor t ional  loading i n  the a2 d i r ec t i on ,  corresgond- 
ing t o  a i n  Fig.  50, and i f  we assume t h a t  the  surfaces  can ex- 
perience a r i g i d  t r a n s l a t i o n  without  experiencing a change of s i z e  
o r  o r i en t a t i on ,  then when the  s t r e s s  s t a t e  reaches point  A. on 
Fig.  51a, the  surface  f o  w i l l  t r a n s l a t e  u n t i l  i t  reaches the cir- 
c l e  £1 a t  the  s t r e s s  corresponding t o  po in t  B. The c i r c l e s  f o  
and f l  t r a n s l a t e  together  u n t i l  the  point  C i s  reached, where 
now fo ,  f ly  and £2 a r e  a t tached a t  a common po in t  of contac t .  
For unloading and subsequent reversed loading, when the s t r e s s  
reaches a po in t  corresponding t o  po in t  E (Fig. 51b), reverse  p las -  
t i c  flow occurs and the  surface  f o  t r a n s l a t e s  downward along the  
a ax i s  u n t i l  i t  reaches the surface  f l  a t  F. ~ r 6 z  f u r t he r  
proposes t h a t  the  curve of r everse  loading i n  Fig .  SO jo ins  the 
curve OA'B'G t h a i  i s  obtained by symmtry wi th  respec t  t o  the  
o r i g i n  frorrl OABC. Thus, the curve of reverse  loading EFG i s  
uniquely defined by the curve of primary loading, represented by 
an equatior, of the form o = f ( e ) .  I f  a  new coordiilate system 
- - 
(o,e) with o r i g i n  a t  C -Ls used, we have f o r  the  curve CEFG 
In the genera l i za t ion  of t h i s  model t o  nonproportional load- 
i ng ,  i t  i s  assumed t h a t  during t r an s l a t i on  of the  hypersurfaces 
the k n d i ~ r d ~ a l  surfaces  do no t  i n t e r s e c t  but  consecutively contac t  
and push each o the r .  If we consider  two neighboring surfaces  f~ 
- L\- 
and fk+l having cen te r s  a  k+f Ok and Ok+l defined by the  posi-  
t i o n  vec to rs  a  and a i j  i j  ' then the equations of these two 
surfaces  a r e  
where o i  and oo k+l a r e  constants  used t o  def ine  the  s i z e  of the 
k 
su r face .  From Ref. 80, the instantaneous t rans la . t ion  of f  (oij - a i j )  
i s  given by 
where 
On reaching surface  fk+l, the pos i t ion  of fk can be obtained 
from the following r e l a t i on :  
i . e . ,  the vectors  connecting the center  of the surface with the 
s t r e s s  point  a r e  p a r a l l e l  f o r  the surfaces f k  and fk+l.  h len  
the centers  of the  surfaces o r i g i n a l l y  coincide, the mathematical 
descr ipt ion of the t r ans l a t i on  of the y ie ld  surface i s  i den t i ca l  
to  t h a t  given by Ziegler  (Ref. 28) and presented here  i n  Eq, (B-6) , 
The work-hardening modulus f o r  each hypersurface i s  developed 
i n  Ref. 80 from a flow r u l e  i n  the  form of Eq. (B-3) ,  and i s  given 
a s  
f o r  mul t i ax ia l  s t r e s s .  Equation (B-17) represents  a general iza t ion 
of the p l a s t i c  tangent modulus i n  the un iax ia l  - - s t r e s s  s t a t e ,  A 
corresponding modulus of the form c = h(o,  E )  , where h i s  a 
funct ional  representa t ion of the instantaneous slope of an e f fec -  
t i v e  s t r e s s  (;)-effective s t r a i n  ( )  curve, i s  presented i n  
Ref. 25. It should be noted t h a t  when f l  tends t o  i n f i n i t y ,  so 
t h a t  the work-hardening modulus i s  constant ( the work-hardening 
curve being represented by a s- traight  l i n e ) ,  the theory proposed 
by ~ r 6 z  i s  i d e n t i c a l  t o  Pragerf  s kinematic hardening model, 
The fu r the r  general iza t ion of the theory of work-hardening 
moduli i s  associa ted with an expansion o r  contract ion of the sur-  
faces fo ,  f ly  . . . , SO t h a t  t r a n s i t o r y  phenomena (work s t i f f en ing ,  
work softening o r  nonisothermal conditions) can be t rea ted .  Thus, 
the  hypersurfaces f k  a r e  no t  constants  but  functions of a s ca l a r  
parameter, 1, mono ton ica l ly  increasing during p l a s t i c  flow. One 
suggestion f o r  A i s  presented i n  Ref. 80, where i t  i s  proposed 
t h a t  
where 
and t represents  an i n t e r v a l  of time o r  load, e t c .  
The e f f e c t s  of cyc l i c  loading, a s  predic ted  by kinematic 
hardening o r  the  theory of Mrhz, can be expected t o  g ive ,  a t  be s t ,  
a simplified approximation of the a c t u a l  behavior of s t r u c t u r a l  
metals under cyc l i c  loading. These theor ies  i dea l i z e  the  behavior 
of the loca t ion  of the  y i e ld  su r face (s )  i n  a genera l  d i r ec t i on  of  
p r i o r  p l a s t i c  deformation. ExperAments have shown t h a t  the  be- 
havior  of subsequent y i e ld  surfaces  a r e  f a r  more complex than a 
mere t r a n s l a t i o n  and/or expansion of the o r i g i n a l  su r face .  How- 
ever ,  w e  be l ieve  t h a t  these  theor ies  s a t i s f y  our o r i g i n a l  c r i t e r i a  
r equ i r ing  mathematical s imp l i c i t y  and c a p a b i l i t y  of p red ic t ing  the  
e s s e n t i a l  f e a tu r e s  of cyc l i c  p l a s t i c  behavior.  Results  f o r  sev- 
e r a l  of those problems i n  which s t r a i n  hardening i s  considered i n  
t h i s  r epo r t  were obtained by using the  Prager-Ziegler kinematic 
hardening theory wi th  a constant  work-hardening modulus. For 
o the rs ,  the concept of f i e l d s  of work-hardening moduli was used 
whe:re, fo r  a po in t  undergoing loading i n  the  p l a s t i c  range, a new 
modulus i s  computed f o r  each increment of load. Further ,  f o r  r e -  
versed loading, a new coordinate system, used t o  def ine  the r e -  
versed 13 t r e s s - s  t r a i n  behavior,  i s  chosen a t  a po in t  corresponding 
t o  E in  Fig .  51b. 
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* Develop methods of echniques t o  p l a s t i c i t y  
Application t o  membrane 
-- 
NAS 1-7315: 196 7 
Extend methods t o  
include bending behavior. 
* Determine f e a s i b i l i t y  of 
t r e a t i n g  combined material  
and geometric nonl inear i ty  
NAS 1-10087: 1970 
* Expand " l i b ra ry"  of 
f i n i t e  e l e m n t s  t o  include 
a broad base of appl ica t ion .  
* Develop general  compre- 
hensive program f o r  the  
p l a s t i c  ana lys is  of s t ruc -  
t u r e s .  0 Ex tend methods 
f o r  the  treatment of com- 
bined mater ia l  and geometric 
nonl inear i ty .  
Introduce concept of e l a s t i c -  
p l a s t i c  boundary within e l e -  
en t .  lncorp. incremental 
echnique t o  account f o r  
eometric nonl inear i ty .  
s f o r  beams 
Kn addi t ion  t o  t r i angu la r  
membrane and p l a t e  elements, 
the  element l i b r a r y  includes 
* Axisynmetric revolved 
t r i ang le  
* Axisymmetric s h e l l  
* Isoparametric family of 
3-D hexahedra 
* ,Composite element 
* Shear panel 
Methods of combined nonlinea 
ana lys i s  extended t o  t r e a t  
p l a t e  and s h e l l  s t ruc tu re s .  
Fig. 1 Chronological Summary of Nonlinear  F i n i t e  Element 
Analysis  S tud ies  a t  Grumnan 
Application 
i, 
Membrane S t r e s s  e Arbi t ra ry  concentrated and/or 
d i s t r i b u t e d  in-plane (membrane j 
loads. 
e Unloading from any p l a s t i c  
s t a t e  and reversed loading.  
Thin walled membrane s t ressed  
s t ruc tu re s ,  such a s  shee ts  with 
a r b i t r a r i l y  shaped holes  and 
cutouts;  genera l  out-of -plane 
t h i n  walled membrane s t ruc tu re s .  
11. 
1. Pending e Arbi t ra ry  concentrated and/or Plates  of a r b i t r a r y  shape with 
2 .  Combined bending and d i s t r i bu t ed  normal and i n -  holes and cutouts;  s t i f f ened  
membrane plane loads. panel; genera l  out-of -plane t h i n  
e Unloading from any p l a s t i c  walled s t ruc tu re s  
s t a t e  and reversed loading. 
111. 
Axisymmetric bodies 
of revolu t ion  
e Axisymmetric l i n e  o r  d i s t r i bu t ed  
loads . 
e Unloading from any p l a s t i c  s t a t e  
and reversed loading. 
Three dimensional e Arbi t ra ry  concentrated and/or 
undis t r ibu ted  loads. 
e Unloading from any p l a s t i c  
v. 
Composite p l a t e s  
under plane s t r e s s  
e Arbi t ra ry  concentrated and/or 
d i s t r i bu t ed  in-plane loads. 
e Unloading from any p l a s t i c  
s t a t e  and reversed loading. 
Thin walled axisymmetric s t i f  - 
fened and unst i ffened s h e l l s  of 
revolut ion;  th ick  walled axisym- 
metric s t ruc tu re s ;  junctions be- 
tween branched s t ruc tu re s ;  t r a n s i -  
t i o n a l  s h e l l s  ( t h i n  - t h i c k ) .  
Behavior of a r b i t r a r i l y  shaped 
three  dimensional bodies ,  
Laminated composite p l a t e s  under 
generalized plane s t r e s s  condi- 
t i ons .  
Fig. 2a Nonlinear Analysis Capabilities of the PLANS System 
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(a)  Stress Distribution Along y = 0 (b) Displacement Prof i le  Along Crack Length 
Fig 4. ELASTIC-PLASTIC ANALYSIS OF A UNIFORMLY LOADED SHEET WITH A CENTRAL CRACK 
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( a )  P L A S T I C  Z O N E S  ( load ing )  ( b )  PLASTIC ZONES (unloading) 
Fig. 5 PROPAGATION OF PLASTIC ZONE IN A UNIFORMLY 
LOADED SHEET WITH A CENTRAL CRACK. 
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Fig I I  DISTRI'BUTION OF CIRCUMFERENTIAL STRESS 
4 
! S e c t  A 
28 d o f ~deai~xcr t ro-1  
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Fig. 12 RADIAL AND CIRCUMFERENTIAL RESIDUAL STRESSES IN SHEET 
WITH RIGID OVERSIZE FASTENERS ( z = b) 
---- Limit Load, Ref. 47 
Khojasteh-Bakht , Ref .46  
ap = 1.5 psi = 1.03 x 1o4N /m2 D = 10 i n . = . 2 5 4  m 
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A ~ 0 . 2  psi = 1 . 3 8 ~  1 0 3 ~ / r n 2  r = . 0 6 D  
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47 elements 
188 degrees of freedom 
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Fig. 13 PRESSURE VERSUS NORMAL D I S PLACEMENT, wo, AT A FEX ( 9 = 0") 
FOR DIFFERENT LOAD INCREMENTS - TOR I S  PHER I CAL SHELL 
47 elements 
188 degrees of freedom 
A p = 0.4 psi = 2.76 x lo3 ~ / m *  
F(<: 14 CYCLIC PRESSURE VERSUS NORMAL D l  SPLACEMENT, w ~ ,  AT APEX 
( 9 = 0") TOW I SPHERICAL SHELL 
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Fig. 16 LOAD VERSUS CENTER DEFLECTION OF A UNIFORMLY 
LOADED CLAM PE D C I RCULAR PLATE 
SQUARE RING S T I F F E N E R  
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Fig. 17 LOAD-DEFLECT I ON CURVES FOR R I NG -ST1 FFENE D 
SPHERICAL SHELL UNDER EXTERNAL PRESSURE 
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AND STIFFENED HOLE 
( b  ) Normal displacement at r = 2.5 in =6.35cm 
Fig. 17. LOAD-DEFLECT1 0 N CURVES FOR R I NG-ST1 FFENED 
SPHERICAL SHELL UNDER EXTERNAL PRESSURE 
(a 1 Distribution of circumferential stress resultant for unstiffened hole. 
( b )  Distribution of circumferential stress resultant for stiffened holle 
Fig.18 RING-STIFFENED SPHERICAL SHELL UNDER EXTERNAL P RESSUWE 
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Fig.  19 RECTANGULAR PRISM 

.- Maximum elastic load Ref.52 
0 Finite-element solution 
r Finite-element solulion-extrapolated 
F inite-element elastic-plastic solution 
t u = /uyield ~0.87 
385 nodes 968 d o f  
Fig. 21 DISTRIBUTION OF CIRCUMFERENTIAL STRESS IN A 
THICK PLATE WITH A CENTRAL HOLE. 
Fig. 23 I N T E R L A M I N A R  SWEAR S T R E S S E S  AROUM D CUTOUT 
IN B O R O N  - E P O X Y  [t45], L A M I N A - r E S  
REF. 55 
0 SOLUTION US ING TANGENT MODULUS METHOD 
A SOLUTl ON US l NG EFFECTIVE LOAD METHOD 
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Y =  0.3 
FIG. 24. CENTRAL DEFLECTION VERSUS LOAD FOR A UN l FORMLY 
LOADED CLAMPED CIRCULAR PLATE 
REF. 5 5  
o SOLUTION USING TANGENT MODULUS METHOD BEND lNG 
A SOLUTION US ING EFFECTIVE LOAD METHOD 
I LINEAR PENDING 
STRESS AT EDGE 
6 - 
5 - 
4 l NEAR BEND l NG 
STRESS AT CENTER 
AT CENTEF? 
MEMBRANE 
Fig. 25. STRESS VERSUS CENTRAL DEFLECTION FOR A 
UNIFORMLY LOADED CLAMPED C I  RCULAR PLATE 
- LINEAR SOLUTION 0 
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83 degrees of freedom 
50 Ref. No. (56) 
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CENTRAL A X I A L  DEFLECT1 ON /h 
Fig 26 LOAD VERSUS CENTRAL DEFLECTION FOR A 
CENTRALLY LOADED CLAMPED SPHER l CAL C A P  ( A = 6) 
ELASTIC, SMALL DEFL. LARGE LIEFL- & 
\ PLASTICITY INCL. 
Fig. 27a LOAD VERSUS CENTER DEFLECTION FOR A S IM PLV- 
SUPPORTED C I RCULAR PLATE (2alh = 40.6) 
o GRUMMAN TEST DATA 
T H E O R Y  
(GEOM. NONLINEARITY) 
A P  = 9 . 8 3 N  
- - - THEORY (EQU I L. CORRECT. 
AP = 9 . 8 3 N  
Or: 
C-- 
07 
c> 
GAGE 
SENS lNG 
c la  = .07 18 
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"0 I 2 3 4 5 6 7 
RADIAL LOCATION R, cm 
Fig.27b CIRCUMFERENTIAL STRAIN DISTRIBUTION ATLOWER SURFACE 
FOR A S IM PLY-SU PPORTED CIRCULAR PLATE (2a lh  = 40.6) 
( UPPER SURFACE DATA 
SENS lNG o GRUMMAN TEST DATA 
- THEORY 
( GEOM. NONLINEAR ITY 1 
A P  = 9.83 N 
- - - THEOKY (EQU IL.  CORRECT. ) 
A P = 9.83 N 
RADIAL  LOCATION R, c m  
F i g . 2 7 ~  CIRCUMFERENTIAL STRAIN DISTRIBUTION AT UPPER SURFAClE 
FOR A S IMPLY-SUPPORTED CIRCULAR PLATE (2a l h  = 40.6) 
1 2 /  h.4. C L A M R D  REF. (57) A' 
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FIG. 28. ELASTO-PLASTIC BUCKLING OF S IMPLY-SUPPORTED AND CLAMPED SPHERICAL CAPS 
UNDER UN l FORM EXTERNAL PRESSURE (LOAD VS. CENTRAL DEFLECTION CURVES) 
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57 d. 0. f. 
Ap = 78.5 POUNDS =349.2 N / 
0 
"0=32"03 psi ~ 2 . 2 1  x 1 0 8 ~ / r n 2  
0 
- THEORY 
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Fig. 29 LOAD VS. CENTER DEFLECTION OF A SIMPLY- 
SUPPORTED CIRCULAR PLATE 
-- E lastic , ideally plastic 
- ---- Elast ic  
R / t  = 120 
E = 10 x l o 3  k s i  = 6.9 x 10"  N / m  2 
v = 0 . 3  
vyiCld = 3 0  ksi ~ 2 . 1  X lo7  N/rn2 
L = 2 5  in c 0 . 6 4 r n  
Axial Disvlacement/Thickness 
Axial Posi t ion x/L 
( a 1  L o a d  vs axial  end displacement. ( bl E lastic and plastic radial displacement 
profile. 
F ig .  30 St MPLY -SUPPORTED, ST1 FFENED CIRCULAR CYLINDER 
SUBJECTED TO COMPRESSIVE AXIAL LOADS. 
I I Expt. 1655 Ib/ in = 2 9 0  x lo3 N/m , I specimen -, 
- - -  - 
T- Expt. 1432 Ib / i n  = 2 5  x lo3 N / m  , 2 specimens 
Inner diometer = 7.8 in.=0.2m 6 0 6 1 - 0  Aluminum Alloy 
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CLAMPED EDGES 
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( a )  Applied end load vs end deflection for clamped and simply-supported circular cyliriders 
.4 
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. 3  
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~ / h  N, = 1575 l b / i n  = 2 7 6  x 10 M / m  
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(b) Radial shell displacement along axis for clamped and simply-supported end loaded cylinders. 
F ig  .31 UNSTIFFENED CIRCULAR CYLINDERS 
- - -  X 
6061 -0  Aluminum Alloy 
h = . I 2 5  in. = 0.3 cm 
L = 2 0 i n . = O . 5 1 c m  
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#o 
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(a1 Axial load versus axial  end deflection. 
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a )  Main Program 
Load S t r e s s e s  
Read Inpu t  
Form Element S t i f f n e s s  
and I n i t i a l  S t r a i n  
@ 
Assemble T o t a l  S t i f f n e s s  
Matr ix  and Load Vector 
Solve f o r  Displacements 
S t r e s s e s  and S t r a i n s  
Solve f o r  I n i t i a l  
Fig. 33 Basic Flow of Each Analysis Program i n  "PLANS" 
Increment Load 
Check Yielding f o r  
E l a s t i c  Members; 
Unloading f o r  P l a s t i c  
Mem1:f . s 
1 
1 
Form Ef fec t ive  P l a s t i c  
Load by Mult. I n i t i a l  
S t r a i n  S t i f f n e s s  Matrix 
by P l a s t i c  S t ra ins  
I 
Form Tota l  Load Vector, 
Applied + P l a s t i c  
Solve f o r  Displacements 
Note: To ta l  s t i f f n e s s  
mat r ix -has  been 
faccored i n  ELAS 
Calcu la te  Displacement I ~ n c r e m e ~ ~ s  I 
Compute Increments of 
To ta l  S t ra in ,  Increments 
of Elasti\:  S t r a i n  f o r  
E l a s t i c  Members and Increments 
01 P l a s t i c  S t r a i n  f o r  
P l a s t i c  Members 
 
Sum Incremental 
in creme^;, Lhe 
Load E Repeat 
the  Above Steps 
Form Fina l  Ef fec t ive  
Plas'ic Load Ve-tor ! 
Solve f o r  DispLacements I 
Solve f o r  hew 
Y i ~ l d  Load 
Increment 
Load 
F i g .  33 (Cora t  ,) Basic Flow of Each Analysis Program in ''PIJ_PaN~'' 
Maximum Semi-  Band Width 
2 0  40 60  80 
0 200 400 600 1600 
D e g r e e s  o f  Freedom 
Fig. 34  ELASTIC SOLUTION T I M E  REQUIREMENTS !PLANE" 
Displacement Assumption : 
u ( x , y )=  a ,  +a2x+a3y  
v ( x , y )=  a 4 + a 5 x + a g y  
I n i t i a l  Strain Distr ibution : 
eii (x,y) = constant 
Fiq.35 CONSTANT STRESS TRIANGLE ( CST 1 
Displacement Assumption: 
~ r r / ~  
u = a I  + D ~ x ~ Q ~ ~ ~ o ~ x ~ ~ o ~ x ~ + o ~ ~ ~  
v = a 7 *  a 8 x + a 9  y t a I o  x 2 A r i  
+ a l 1  X Y  + 012 y2  
In i t ia l  Strain Distr ibution : 
E = constant i 
Fig.36 LINEAR STRAIN TRIANGLE ( LST 
Fig.37 WARPED SHEAR PANEL (GARVEY 
( a  Constant strain element ( b) Linear strain element 
Displacement Assumption: 
u = a*, + a 2 x  u = a ,  + a 2 x  + a 3 x  2 
initial Strain Distribution 
E = constanl 
F ig.38 STRINGER E L E M E N T S  
Displacement Assumption : 
In i t i a l  Strain Distr ibut iy  : 
Fig.39 TYPICAL TRIANGULAR ELASTIC - PLASTIC 
PLATE ELEMENT ( PURE B 1 
Displacement Assumption: 
. - 8  
H ( ~ ) =  Hermit ian polynomial of order k 
~ i g . 4 0  BEAM ELEMENT 
Displacement Assumption : 
ur = a I  + a 2  r + a3 z 
u z  = a4 + a 5  r + a 6 z  
u8 = a 7  + a g  r  + a g z  
In i t i a l  S t ra in  Distr ibution: 
a . .  ( r , z )  = c o n s t a n t  
I I 
Fig. 41 AXlSYMM ETRlC REVOLVED TRIANGLE 
Disp lacement  Assumptions: 
w = a, + a 2 t  + a 3  t2  + a 4 t  3 
u = a, + a 2 t  + a3 t2 + a 4 [  3 
I n i t i a l  Strain Distribution : 
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Plast ic  Strain Distribution 
e i  = uniform 
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